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Abstract
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1. Introduction

Recent developments in unit root tests for panel data have attracted much atten-
tion in both theoretical and applied works. For example, the tests proposed by
Levin, Lin and Chu (2002, hereafter LLC), Im, Pesaran and Shin (2003, hereafter
IPS), as well as other extensions, have been widely applied in the literature; see
Baltagi and Kao (2000) for a survey. Applications using these tests have focused
on various key economic issues, such as purchasing power parity and income con-
vergence, with the hope that the increased power of these tests would provide
more reliable evidence on these important theories.

Another signi..cant line of research that has developed in the last decade in
the unit root literature is testing for a unit root in the presence of structural
changes. Since the pioneering work of Perron (1989), the importance of allowing
for a structural change in testing for a unit root has been widely documented in
the literature. Failure to allow for an existing structural change can lead to biased
estimates of the parameters in the unit root testing regression and a signi..cant
loss of power. Potentially, this problem also exists when testing for a unit root
in a panel framework. Consider, for example, the case of the IPS test. The IPS
test statistic is obtained as a linear combination of the univariate unit root test
statistics not allowing for structural changes. As such, the IPS test is expected
to surer from a similar loss of power and produce biased estimates if a structural
shift does in fact occur. This problem occurs when the panel test statistics are
obtained from the univariate unit root test statistics ignoring existing structural
shifts. The same problem would occur in other panel unit root tests of any type.

Consequently, one may be tempted to allow for structural changes in the
panel setting as the way in the univariate case. However, allowing for structural
changes in the panel setting is not an easy task. To the best of our knowledge,
no signi..cant development has been made for a panel unit root test that can
allow for structural changes while providing relevant asymptotic results. One
possible reason for this lies in the di¢culty of constructing a valid panel test
that is free of the nuisance parameters indicating the locations of the structural
changes. One may possibly consider modifying the IPS or LLC test for which a
dummy variable is included in each ADF regression to control for the ewect of
structural changes. However, this approach poses a problem. It is well known
that the limiting distribution of Perron’s ADF type t-statistic depends on the
location of structural changes that occur in the data. Thus, in order to make
use of an IPS-type unit root test that allows for structural changes, one would
need to compute the expected values and variances of the ADF t-statistics at all
dizerent possible shift locations for each cross-section unit in the sample. This
task is extremely cumbersome and, practically, not feasible.

In this paper we dewvelop new panel unit root tests based on the Lagrangian
Multiplier (LM) principle. First, we consider the test without structural changes
and then extend the test by allowing for structural shifts in level. When dealing



with structural shifts, our panel LM test has an important feature that cannot be
found in the ADF-type extension tests. In particular, the asymptotic distribution
of the panel LM test does not depend on the nuisance parameters that indicate
the positions of the structural shifts. A univariate LM unit root test was initially
proposed by Schmidt and Phillips (1992). Amsler and Lee (1995) showed that
the extended version of the univariate LM unit root test allowing for a shift in
level has the same asymptotic distribution of the Schmidt and Phillips test. We
show that this invariance property of the LM univariate unit root test carries
over to our new panel LM test.

This is a salient feature of the panel LM test and it has an important practical
implication. As a result of the invariance property, the panel LM test with level
shifts can make use of the same critical values that apply to the panel LM test
without any shifts. In this case, the researcher is spared the task of having to
simulate dizcerent critical values for all possible shift locations. That is, one may
use the same expected values and variances that are computed for the baseline
case where no structural change is present in the data—ewven when a structural
shift is allowed at any location. Also, our new panel LM test is quite texible.
It can be applied when more than one structural shift occurs at dicerent time
periods for each cross-section unit as well as when diserent numbers of structural
shifts (including no shift) occur for each cross-section unit. Thus, this interesting
feature of the panel LM test permits us to construct a valid panel unit root test
which is also practically very useful. This feature is not available in the IPS test
or in other extensions.

Further, we investigate how closely and under what conditions this invariance
result is satis..ed in the panel framework. We ..nd that the panel LM test remains
valid as long as N=T does not diverge as N; T ¥ 1, and the second moment of
the individual LM statistic exists for all T _ To, for some ..nite To. For both of
our panel LM tests, with or without structural shifts, we can construct a conve-
nient standard normal test through appropriate standardization since the sum of
individual statistics approaches a normal random variable as N increases. The
panel LM statistic follows a standard normal distribution under the null hypoth-
esisas N ¥ 1 (for ..xed T), as long as the second moment of the individual LM
statistic exists. We provide the asymptotic results with the case of one structural
shift but the results can be applied to the case with more than one structural
shift. e also examine the ..nite sample performance of the LM test via Monte
Carlo simulations. All empirical sizes of the LM tests that properly control for
structural shifts are reasonably close to the nominal size in most of the cases we
examine.

The rest of this paper is organized as follows. In the next section we present
the model and derive the panel LM statistic with no structural change. In Section
3, we extend the test to allow for the case where a structural shift is present in
each cross-section unit. Section 4 reports the simulation results that examine the
..nite sample performance of the LM test. In Section 5, we apply our panel LM
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test with structural shifts to investigate the empirical validity of one of the most
signi..cant theories in international macroeconomics: purchasing power parity.
Section 6 concludes.

2. The Panel LM Test without Shifts

In this section, we develop a new panel LM statistic without any structural shifts.
This test is a panel version of the univariate LM unit root test of Schmidt and
Phillips (1992), just as the IPS test is a panel version of the (augmented) Dickey-
Fuller test. To begin with, we assume that the series y;; IS generated according
to:

Yit = Zit +Xit;  Zie = °1i+ %5t Xit = AiXiegn + Vit (2.1
where t indexes time series units such that t = 1;2;::;T, and i indexes cross
section units such that i = 1;2;::;;N. This data generating process (DGP)
takes an unobserved representation form. We are interested in testing the null

hypothesis of unit roots, implying A; = 1 for all i. Rearranging (2.1) yields the
following:

Cyit = Vitsii iutli (i@ t=12:05T;1=1;2;05N;
(2.2)

where —; = j (1 § A)). In this case, the null hypothesis can be expressed as:

1
Ho: ;=0 forall i (2.3)

against the alternative hypothesis:

H;: ; <0; for at least one i (2.9

implying that at least one time series is trend-stationary.
Here, we derive the LM statistic in the basic case when the errors "i; in (2.2)
are serially uncorrelated. We assume:

Assumption 2.1. "i; i=1;::; N;t =1;::; T, are independent normal variables
with mean zero and variance %Z.

This leads to the following pooled log-likelihood function:

= T e s Lese, s
nL = |2n 44i|23/4i2 i (2.9)
i=1
where
X _ _ 2
SSEi = f¢yit i iyi;til+ ioli i [1 i (_i + 1) (t i 1)]°2ig : (2-6)
t=1



Let LM;t be the LM statistic for the i-th time series. It is then straightforward to
see that the LM statistic drived from the pooled likelihood function (2.5) becomes

X
LMyt = LMt 2.7
i=1
Let
Sitit =Virit i 2t i 1); (2.8)
where 2,; = % thl Cyit = (YiT i Vio) =T Iis the restricted maximum likelihood

estimator of °,;, obtained from the restricted regression:
Cyit = 5 + il (2.9)

Following Schmidt and Phillips (1992), we obtain the LM statistic for the i-th
time series in the regression:

Cy;; = intercept + _ié\i;til + error; (2.10)
which can be expressed as:
. .
p_
Ti2 8. Mi,Hey;
LMt = ¥= = : (2.11)

égilM(iT)gil ¢YiOM(iT;§i1)¢Yi
3 ,0
where ©Y; = (Cyiy; Cyip; 5 €yir)'s Sisi = Sin Sin Siz i Sirin 1 Mgy is a
projection matrix onto the null space of (¢); and it isa T £ 1 vector of ones.
The distribution of LMyt in (2.7) dependson N and T; but it is free of other
parameters under the null model. Therefore, LMy itself can be used in practice

as a test statistic. However, we can construct more convenient test statistics. \We
denote the average of the individual LM statistics LMt as

1 X
LMNT — N LMiT: (212)
i=1
In addition, we denote the expected value and variance of LMt under the null
hypothesis as E (Lt) and V (Ly). More formally, these terms are de..ned as
follows:

De..nition 1. E (Ly) and V (L+) are the mean and variance of the LM statistic
obtained as the t-statistic testing = 0 in the regression (2.10), where y; follows:

i ¢
Cyr = "¢; with "¢ > iid N I0;3/42 fort=1;2;::;T; andyo =0: (2.13)



Then, under Assumption 2.1 and the null hypothesis, we have:

pP—ft o
N LMyt i E(L7)

TV (L)

> N(0; 1) (2.14)

im =
as N increases (for .nite T), as long as E (Lt) and V (L+) exist.

Remark 1. The existence of E (Lt) and V (Lt) is a question of interest. The
existence of these moments can be shown easily in our test statistic based on the
LM approach. Schmidt and Phillips (1992) suggest estimating %? based on the
unrestricted SSE; in (2.6). However, following the LM principle, we may esti-
mate ¥%Z alternatively by psing the restricted SSE; from the restricted regression
(2.9); namely, %2 = Til ;:1 (Cyic i 25)% Jhen we can have another type of

- P— ¢
LM statistic: LMT = T Si;iManeYi = S ManSa |¢Yi0M(iT)¢Yi-

Note that the square of LM3 is the familiar T R? statistic in the regression (2.10).
Since LM3 cannot exceed ~ T; all of its moments will be ..nite so long as T is
..nite. We continue to use LM, because the dicerence between LM;t and LM
is negligible; it is easily seen that LMt = LM + O, (T i%):

Remark 2. Asnoted in Schmidtand Phillips (1992), the statistic LMy is invari-
ant numerically to the values of °;; and °,; under the null hypothesis. Therefore,
without loss of generality, we can set °;; = °,; = 0 in the DGP (2.13).

We next assume that the errors *;; in (2.2) follow an autoregressive process.!

. P, .
Assumption 2.2. Assume that "j; = E":ll/zij"itij+eit; =1 N;t=1;0T,
where e;; are independent ngrmal variables with mean zero and variance %2, and

all the roots of %; (z) =1 i E’i:l 1/zijzj lie outside the unit circle.

We follow Ahn (1993) and Amsler and Lee (1995) in suggesting an ADF type
correction for serially correlated errors in (2.2). The LM statistic for the i-th

time series is obtained as a t-statistic for ; = 0 in the augmented regression:
) _ X
Cyit = intercept + iéi;til + %ij ®Yitij +error; (2.15)
j=1

where p; denotes the order of augmentations for the i-th times series, and §i;t;1
is de..ned in (2.8).2 See Remark 3 below for more details of the construction of

In this paper, we do not pursue the asymptotics of the LM test when the errors are serially
correlated. IPS present some simulation results that the IPS test is valid in the presence of
AR(p) errors as long as N=T converges to any ..nite number as N; T ¥ 1.: Similarly, the panel
LM test can be shown to be valid under the same conditions for AR(p) errors.

ZAmsler and Lee (1995) suggest to augment ¢§i;t“— rather than €y;.¢;j. In the case where
no structural break is involved, both terms produce numerically identical test statistics.
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é\i;til in practice. Denoting the resulting t-statistic as LMt (pi), we obtain the
average statisitc as:
>

LMir (pi) (2.16)
i=1
With regard to standardization, we follow the procedure as proposed by IPS. To
do so, we utilize the following de..nitions of the expected value and variance of
LMit (pi); when —; = 0 and %; = 0; for j = 1,5 pi:

—_— 1
LMnT (p) = N

De..nition 2. E[Lt (pi)] and V [Lt (pi)] are the mean and variance of the LM
statistic obtained as the t-statistic for testing ; = 0 in the regression (2.15),
where y;; follows:

i ¢
Ty = i, with "y > 1idN I0;3/4i2 ; fort=1;2;::;T; and yjo = 0: (2.17)

Then, standardizing LM nt (p) based on E [Lt (pi)] and V [Lt (pi)] vields:

p—"__ P ©
V .

U'ﬁ 'J- L (p0)]

i (p) = (2.18)

As before, the statistic LMt (pi) is numerically invariant to the values of °4; and
°,i (see Remark 2). The expected values and variances, E [Lt (p)] andV [Lt (p)];
were computed for various combinations of T and p; via stochastic simulations
using 500,000 replications. These are provided in Table 1 (see Remark 3 below
for more details). Obviously, jiwm In (2.14) is a special case of jLm (p) when
pi = 0; for all i:

Remark 3. It will be helpful to practitioners to explain more details of Table 1.
(1) The value of T in Table 1 denotes the regression dimension excluding ini-
tial observations, rather than the actual number of observations in the sample.
For example, suppose one has 25 observations for the i-th time series and wants
to allow p; = 2. Then, one loses the ..rst three observations and the regres-
sion dimension becomes 22. Thus, the appropriate expected value and variance
corresponding to T =22 and p = 2 are j1:880 and 0:413; respectively.

(2) In computing E [Ly (p)] and V [Lt (p)] (with T+p+1 observations avail-
able), we construct the series S;;1 @S S50 = Vig1 i (rapes i Vo) =(T +p):

(3) When T _ 50; the expected value and variance are reported for selective
values of T . For other values of T, they can be interpolated. For example, suppose
that one has 63 observations for each time series and allows for p = 4. In this
case, the regression dimension is 58. From Table 1, the expected value is j 1:894
for T =55; p =4, and j1:902 fO&T 60; p |4¢ respectively. The interpolated
expected value is obtalned as: 2 (11:894) + 2 (j1:902) = j 1:8%.



3. The Panel LM Test with Level Shifts

We now derive an extension test of our panel LM unit root test where a level
shift occurs in each individual time series. We will show that the asymptotic
distribution of the panel LM test with a shift in level is the same as that of the
baseline panel LM test not allowing for any shifts. This is a generalization of the
invariance result of Amsler and Lee (1995) who have shown that the asymptotic
null distribution of the univariate LM statistic with a mean shift is the same as
that of the LM statistic without a shift. Then, we are interested in examining
how closely and under what conditions the invariance property of the univariate
LM test for a single time series carries over to the panel LM unit root test. We
demonstrate the relationship for the case of a one-time shift in the mean, but the
result can be generalized for cases with a ..nite number of mean (level) shifts. e
begin with the test for which the errors are serially uncorrelated.

Suppose a structural shift in the mean occurs at time period Tg. in the i-th
time series. Then, the data generating process is given as:

Yit = Zit *+ Xit;  Zit = %15 + "t +£5Dig Xt = AiXiris + ie 3E.D

fort=0:1;2;:::T;i=1;2;:::N; where

” 0 t<T
< -

Dit = o

1t Tes+1 ; 3B.2

The above equation can be expressed as:
Cyic = Yitird intL 1 Ci+ DT D)]°5+(€EDit i iDixin) ti+"i; (3.3

fort=1;2;::;T;1=1;2;::;N; where €Djt = Djt j Dix;a; ie.,
” 1 t=T 1
= o+
¢Djt = S

0 otherwise (3.4)

>From (3.3), and under Assumption 2.1, we can similarly obtain the pooled
likelihood function as in (2.5) with

X _ _ _
SSE; = ey i Vitin+ “ui i Ci+D@Eil% i (CDiti iDi;til)iigz:
t=1
(3.5)
As Amsler and Lee (1995) showed, the LM statistic for the i-th time series can
be obtained as a t-statistic testing ; = 0 in the regression:
Cyit = °,; +1iCDjt + ;Sit;1 +error; (3.6)
where
Sitir=VYitir i %t 11 i EHDitivs 3.7
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and 2,; and Z%; are obtained as the OLS estimators of °,; and *; in the restricted
regression:

5 Cyir = °2 + £i€Dj¢ + it (3.9

0
Letting Si;;1 = Sio; Sit; i Sity1 and €D = (€Djg; €Dip; 355 DiT)O; we form
the LM statistic for the i-th time series as:
P—"g
T i3 Si;1M(riepyEYi
=

LMT = = (3.9)

St 1M sepi) Sii i ¢Yi0M(iT ;¢D;;Si; ;1) Vi

Then, the panel LM statistic basedlgn the pooled likelihood function is given by
the sum of LME so that LMG; = L, LMZ. We consider:

e 13X
i=1

Following Amsler and Lee (1995), we can show that the limiting distribution of
LME does not depend on the parameter indicating the location of the shift point:

_ TBi.

A

As a result, the distribution of LME asymptotically approaches that of LM;r,

implying that their asymptotic distributions are the same. Speci..cally, the dif-

ference between the LM statistic allowing for a shift and the LM statistic not

allowing for a shift is asymptotically negligible: that is, LM& j LM = 0, (1).

Only in strictly ..nite samples, the distribution of LME& can be seen as being

dependent on ;. If we have the exact expected valuegand thg,exact variance gf

LM under the null hypothesis, which we denoteas E L2 (_i) andV LB (i) ;
then it follows that:

(3.11)

p—"__g P £ o0
N IMyrig 5 E LRC)
iLm = Q—|3N D N(0;1); (312
& =V LB

o}
under the null hypothesis, as N ¥ 1; as long as V £L-‘? (,i) exists for all i.
However, the statisbtic iE,‘\‘,,é as it stands, is not very practical since it requires
E LB(,;) andV LB (,;) for all dicerent combinations of _; in the sample.
Due to this, we can consider a practical statistic:

p_h___ i

TV (L)

(3.13)




where E (Lt) and V (Ly) are de..ned in De..nition 1. The question of interest is
under what condition the following result holds:

icm i icm = 0p(D): (3.14)
When this result holds, and upon applying the standardizations that use E (L)
and V (Lt) as in the case of the panel LM statistic without shifts, we can show
that the panel LM statistic with shifts follows a normal distribution:

icm D N (0;1): (3.15)
Thus, we are interested in ..nding the condition that guarantees (3.14). For this,
we make the following assumption:

Assumption 3.1. The variance of Lt de..ned in De..nition 1 and the variance
of LB (,) in (3.12), for all values of _; are ..nite for all T _ T, for some ..nite Ty:
(See Remark 1.)

Note that " ]
p_h__, i pn_, P, £, O
5 Ba N LMyt i E(Ly) N LMyriw :\lzlE L? (i)
itm 1 Itm = P i = |
V(L) FCRTEIE)
D C'._;L = P——
p—C o a3 e, o0 NVILEC)E VD
= N LMyri N ELy(Li) —& =N p— 3.16)
i=1 FOLVILECHD V(LB
12PN 2E g o
- lsJ .
V (L)

It is shown in the Appendix that

i
LB() i Lt =op'T-1-2 - forall _: (3.17)

£ ¢
Assumption 3.1 e&sures that V. LB (, ) i V[Lr] =0 i for all _; from

¢
which we deduce " L VILE( )iV (Ly)=0 Ti2T ggis obV|ous that

the ..rst term of the Iast equatlon of (3.16) is 0p (1). Now we need to ..nd the
condltig'u undgr which the Jast term of (3.16) is negligible asymptotically, or
Nit=2" 2 E LB(.)iLr =0,(1). Weshow in the Appendix that

£ o o i ¢
EL7()iLr =0 T ; forall _: (3.18)
s -
il=2 P £ B - ¢ _ PN . ; ;
Therefore, N1 i—E LY(.i)iLr =0 — ; which |s’,€o(1) as long as
P— P— - P a
—N ¥ 0. Since =N = NTi¥2 jt follows that Ni¥2" L E LB(,))jLy =

0p (1) unless N=T diverges at the rate of p? or faster asN; T ¥ 1.
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Remark 4. Wg show in the Appendix that the results in (3.17) and (3.18) hold:
ELRQC)iLy =0(iY)and LR (.) i Ly = O(Ti'%). To con.rm these as-
ymptotic results, we have conducted simulations and examinehow TE L2 (,) i Lt
changes asgT grows. Inthe following table, the expected value and standard devi-
ationof T LB (,) i Lt are computed based on 50,000 replications with , = 0:5:

g T n 100 1,000 | 10,000 | 100,000
TE LB()) i Ly -0.012 | 0.287 | -0.254 | -0.331

T VI[LB(.) i Ls]|10.118] 30.910 | 97.795 | 307.480

o}
As can be seen in the above table, TE£L$ (.) i kv *uctuateg within a very
narrow interval, while the standard deviation of T L2 (,) i Lt shows the ap-
parent tendency of creeping up at the rate of ~ T; which supports the claims in
(3.17) and (3.18).

Remark 5. Itis not necessary to impose the restriction that structural shiftsin
the series, should they exist, must occur at the same location. The shift point
can occur at dicerent locations for each cross section unit. Thus, our test can
allow for heterogeneous structural changes, while using the same critical values
in Table 1.

When the errors "j in (3.3) are serially correlated, their ecects can be cor-
rected by augmenting €S;.; j; as suggested by Amsler and Lee (1995). Therefore,
the LM statistic for the i-th time series is obtained as a t-statistic for ; =0 in
the augmented regression:

X
Cyir = intercept + +iCDy + ;Sit;1 + Y% ESit;j +error; (3.19)
j=1
where Si.t;1 is de..ned in (3.7). We de..ne LMZ (pi) as the t-statistic for ; =0
in regression (3.19), and its average as:
T B 1 X B )
IMyr ()= EMir (i) (3.20)
i=1
We then follow the standardization procedure described in Section 2.2 to derive
P— n_B 1 PN o
5 N LMyr (@) i N iz E Ly (pi)]
itm () = € ; (3.21)

LNV Ly ()]

where E [Lt (pi)] and V [L+t (pi)] are similarly de..ned as in De...nition 2 of Section
2.2. It also follows that

itm (P) D N(0; 1); (3.22)
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unless N=T diverges as N; T ¥ 21: It is worth noticing that we do not impose
the same number of augmentation terms for each cross section unit. Thus, de-
pending on the autocorrelation structure in each cross-section unit, the number
of augmentation terms must be selected jointly along with shift point locations.

4. Simulation Results

We now investigate small sample properties of our panel LM unit root test via
Monte Carlo simulations. Three dicerent experiments are conducted. In the
..rst experiment, we simulate the case where the data contain no structural shifts
and the errors are serially independent. The ..rst experiment is designed to
compare the generic power of the panel LM test vis-a-vis the IPS test in the
benchmark case. In the second experiment we allow for a structural shift in the
data generation process while the errors are still serially independent. With this,
we investigate the consequence of ignoring existing structural shifts as well as
the performance of the panel LM test that controls for structural shifts. Special
attention is paid to how the required condition of N=T derived in Section 3.1
works in ..nite samples. The third experiment investigates the case where the
errors are serially correlated and a structural shift is present in each time series.
For this, we consider only the panel LM test that controls for structural shifts.

In the ..rst and second experiments where no serial correlations are involved,
we report the results for 16 dicerent combinations of N; T = 10; 25;50; 100. But,
in the third experiment, where the data contain structural shifts and the errors
are serially correlated, we drop the case with T = 10 because the degrees of
freedom become too small. Then, we are left with only 12 combinations of N =
10; 25;50; 100 and T = 25;50;100. In each case the results are based on 2,000
replications. In each replication we generate N independent time series of T + 51
data points using pseudo-iid N(0,1) random numbers from the Gauss RNDNS
procedure. The ..rst 50 observations are discarded to avoid a possible initial value
ecect. Therefore, the regression dimension is T j p. All tests are conducted using
a 5% nominal size.

Experiment 1: No Shifts, No Serial Correlations

Here, we consider the case where each time series contains no structural shift
and the errors are serially uncorrelated. In particular, we wish to compare the
generic power of the panel LM test vis-a-vis the IPS test in the baseline case
where no structural shifts occur in the data. For this, N independent time series
are generated with:

Vit = Aiyi;til +" t=0;1;:0T; 1=1;2; 0 N; 4.1

with "¢ >» iid N(0; 1): We set A; = 1 in examining the empirical size and A, = 0:9
for computing the power of the test for all i. WWe compare the performance of our
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panel LM test statistic ji_m given in (2.14) and the IPS test, which is obtained
by standardizing the average of the t-statistics from the DF regressions including
an intercept and a linear trend (see IPS, 2003, equations 2.2 and 4.2). The results
are reported in Table 2.

Since both the LM and IPS statistics follow the standard normal distribution
under the null hypothesis as N increases (with ..xed T), we expect the empirical
size to be reasonably close to the 5% nominal size in both tests for relatively
large N. As expected, all reported sizes are reasonably close to 5%, even for the
case with N = 10. Comparing the power of the tests, we observe that the panel
LM test is not less powerful than the IPS test in all cases we consider and it is
often more powerful than the IPS test. For example, when N = 100; T = 25; the
power of LM is 0:518; while the power of IPS is 0:415. This result is not likely
due to possible size distortions since the corresponding sizes are 0:060 and 0:063.
When N = 25; T = 50; the power of LM is 0:802 and the power of IPS is 0:622,
while the corresponding sizes are 0:058 and 0:059; respectively.

Wk also observe that power increases more rapidly with T than with N for
both tests. For instance, when T = 10 the power is close to the size even with
N = 100 in both tests. A similar pattern is reported for the IPS test in IPS
(2003).

Experiment 2: Structural Shifts, No Serial Correlations

Next, we investigate the ecect of structural shifts in level. We assume that a
structural shift occurs at Tg.; for the i-th time series with the magnitude of shift
being ;. The data generation process follows:

Vit = Zit + Xit;  Zit = £iDit, Xit = AXit;1 + it 4.2

We consider two cases. In the ..rst case, all structural shifts are assumed to occur
in the middle of the series so that _; = 0:5 for all i. In the second case, the
structural shifts are assumed to occur at _; = 0:3 for all i. In both cases, we set
Y%i=1and t; =5 for all i:

We experiment with three tests: the panel LM test without shifts using the
statistic j_n as de..ned in (2.14), the IPS test based on the statistic described
in the previous subsection, and the panel LM test with level shifts using the
statistic jP\, as de..ned in (3.13). We refer to them as LM_N, IPS_N and
LM_ B, respectively. Note that both LM__N and IPS_ N ignore existing shifts,
but LM_ B controls for structural shifts. The results are reported in Table 3.

First, we examine the size and power properties of LM_N and IPS_N. We
begin with the size of the tests under the null. Amsler and Lee (1995, Theorem
2) show that in a single time series both the LM and DF tests ignoring existing
structural shifts are still valid under the null hypothesis, but this result holds
only asymptotically. When the sample size is small, the usual tests ignoring
structural shifts may result in a size somewhat dicerent from the asymptotic
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size, depending on the values of , and T. In the panel data framework, we may
expect this divergence to be magni..ed in small samples. Our simulation results
are the same as expected. We ..rst look at the results when , = 0:5. As we can
see in the ..rst panel of Table 3, the size distortion gets serious as N increases.
For example, for the sample size T = 25, the empirical sizes of IPS_N are 0:017;
0:016, 0:007; 0:005 when N = 10, 25, 50, 100, and the corresponding ..gures of
LM_N are 0:033, 0:021, 0:013, 0:006. Although the empirical sizes get closer to
the nominal size as T increases, a similar pattern of size distortion is observed
at a moderate sample size with T = 100. The size distortion gets worse for both
IPS N and LM_N when _ = 0:3; the results are given in the second panel of
Table 3. Obviously, any small size distortion in individual time series accumulates
in the panel framework as N increases. On the contrary, the size of LM_B is
shown to be more or less correct in most cases. For instance, when T = 25, the
empirical sizes of LM_B are 0:074; 0:054, 0:064; 0:058 when N = 10, 25, 50,
100. No serious size distortion is found for LM__B; clearly, it controls ecectively
the ewcect of structural changes. This result implies that we need to control for
possible structural shifts in ..nite samples even under the null.

A more serious problem of ignoring existing structural shifts is the loss of
power under the alternative hypothesis. Perron (1989) and Amsler and Lee (1995)
report the same problem for the cases with a single time series. Our simulation
results indicate that a similar pattern carries over to the panel unit root test. For
example, as we can see in the ..rst panel of Table 3, the power of IPS_N and
LM_ N is reported as 0:048 (size = 0:005) and 0:050 (size = 0:006), respectively,
when T = 25;N = 100. The power of LM_ B, however, is 0:473 (size = 0:058),
exhibiting a decent power when allowing for a structural shift. The power of
IPS_Nand LM_N improves as T increases. Thus, the power loss is more serious
when T is small. It appears that the low power of IPS_N and LM__N largely
refects the downward size distortion. But, the power of LM__N is still lower than
that of LM__B even after controlling for the size. It is apparent that panel unit
root tests lose power when they fail to control for structural shifts.

It is encouraging to see that the power of LM__B controlling for a level shift
remains quite close to the corresponding ..gures (reported in Table 2) of the panel
LM test without shifts. For example, when T = N = 25, the power of LM_B
is 0:201 in the ..rst panel (size = 0:054) when _ = 0:5, and 0:204 in the second
panel (size = 0:056) when _ = 0:3. The corresponding ..gure in Table 2 is 0:207
(size = 0:054). This result has an important implication for practitioners. That
is, there is almost no loss of power if one mistakenly adopts LM_B (instead of
LM_N or IPS_N) if there are, in fact, no structural shifts in the time series.
Also, the power of LM_B in both panels remains more or less the same for
corresponding N and T cases, which implies that the power of LM_B is not
amected by the value of _ .3

$When the DF regression includes a dummy variable to control for a structural break, the
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Another interesting analysis is to examine how the size of LM__B varies when
using dicerent combinations of the N=T ratios. As we discussed in the previous
section, the asymptotic validity of LM__B requires that N=T should not diverge as
N;T ¥ 4. It will be useful to examine how closely this asymptotic result holds
in ..nite samples. It appears that this asymptotic result is well retected in our
simulation results using ..nite samples. Looking at the ..rst panel in Table 3, for
instance, the size of LM__ B is reported as 0:083;0:060; 0:062; 0:068; respectively,
when we vary the sample size N = 10; 25;50; 100 for a ..xed value of T = 10:
These values appear stable. In addition, the sizes remain quite stable in other
cases with direrent N=T ratios. As a result, it appears that the N=T ratio is not
restrictive for applying LM__B under most practical situations.

Experiment 3: Structural Shifts, Serial Correlations

Wk now allow for both serial correlations and a structural shift in each time
series. Two types of serial correlations are considered:

AR(D) : "t =0:3"t51 + it 4.3
MA(D) : "it =eit i 0:3eit;1; (4.9

where ez » 1idN (0; 1). We maintain the same pattern of structural changes used
in the second experiment in (4.2) with _; =0:5 and t; =5 for all i. We simulate
only the panel LM test based on the statistic j£y, (p) in (3.21), where the number
of augmented terms is ..xed at p; = 0;1;2;3;4; for all i in the regression (3.19).4

The results for the case of the AR (1) error are reported in the ..rst panel of
Table 4. When p is under-speci..ed (p < 1);we would expect size distortions. As
expected, when p = 0 is used in the estimation procedure, all reported sizes are
zero. The adverse bias ecect of using a value of p smaller than necessary is more
serious in the panel test since the bias accumulates as N grows. A similar pattern
was reported for the IPS test in their paper. However, when the true value of p

asymptotic distribution of the resuting DF statistic depends on _. Therefore the IPS test
requires the expected values and variances of the ADF t-statisitcs for all dicerent values of _ in
the sample. This is quite an onerous job and was excluded from our simulation. However, we
simulated the IPS-type statistic constructed from the DF regression including a break dummy
variable, but using incorrectly the expected values and variances reported in IPS. The size is
reported as 1.0 in many cases studied in our simulation.

41PS (2003) observed avery serious size distortion when the lag orders are selected by Akaike
or Schwarz criterion. They conjectured that the information criteria, as is well known, tend to
choose too few lags when T is small, and this eaect accumulates in the panel unit root test.
A similar pattern is expected in the panle LM test. The data dependent method of selecting
the lag order is an important issue, and it remains interesting to see the performance of the
panel unit root test when the order of lags are chosen, for example, by the sequential method
advocated by Ng and Perron (1995). But, in this paper we restrict ourselves to the study of
..xed p for all i, leaving the data dependent selection of p to future research. By ..xing p across
individuals we could examine the ecect of having too many or too few lagged terms.
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is used at p = 1, the empirical sizes are reasonably close to the nominal 5% size
for all cases using dicerent values of N and T. Since the required condition of
the N=T ratio is potentially important, we pay special attention to the changes
in empirical size as we vary the N=T ratio at dicerent values of p when the errors
are serially correlated. For example, when T = 25 and N = 10; 25; 50; 100; the
empirical sizes are reported as 0:059;0:064;0:061; 0:058, respectively. This result
is viewed as evidence that the test remains valid unless N=T diverges as both N
and T ¥ 1. Similar results are obtained for other cases using p = 2;3 or 4; no
systematic pattern of size distortions is observed for any dicerent combinations
of N=T.

It is not surprising that the power of the test declines when the employed
value of p is bigger than the true value of p in the DGP. Note that the true value
of p in the DGP is p = 1. The power loss is more evident when T is relatively
small. As an illustration, we compare the cases when T = 25and T = 50. We
use the same value N = 100 for both cases. We observe that the power of the
test shrinks more rapidly when T is smaller. As we vary the values of p so that
p = 1;2;3;4, the powers of the test are given as 0:357; 0:283; 0:207; 0:165 when
T = 25, but they are 0:993;0:972; 0:916; 0:823 when T = 50.

The results for the M A(1) errors are reported in the second panel of Table 4.
Given MA errors, it is usually di¢cult to ..nd a correct number of augmentation
terms. All we can hope for is that the selected value of p is large enough to
ensure that any left over errors in the regression (3.19) are nearly uncorrelated,
so that the actual size of the test is reasonably close to the nominal size. At the
same time, we also hope that the selected value of p is not too big so that the
adverse ecect on the power remains minimal. It is well known that the optimal
value of p that serves this purpose depends on T as well as on the moving average
parameter value. There is no asymptotic result available for the validity of any
panel unit root tests with moving average errors. Despite the lack of theoretical
underpinning, it is reasonable to expect that a bigger value of p is needed when
T is larger. Also there is no reason to believe that the optimal value of p is
associated with the size of N.

It is clear that under MA errors, using a smaller value of p leads to a size
distortion. When using p = 1, the size distortion is apparent. It is also apparent
that the optimal value of p depends on T. For instance, when T = 25; a value
of p equal to 2 yields a size reasonably close to the nominal 5% level. However,
when T = 50; the value of p must be 3 or larger. For the case when p = 3 or
4, the empirical size is tolerably close to the nominal size in all sample sizes we
consider. A systematic ecect of N on the size of the test is rather obvious when
a smaller value of p is selected. But, the exect quickly becomes negligible when p
is selected properly. For example, looking at the results with T = 50; we observe
that the size of the test is quite stable if a reasonably large value of p = 3 is
used; i.e., 0:052; 0:055; 0:049; 0:050 when N = 10; 25;50; 100. On the other hand,
the size of the test tends to increase if a smaller value of p is used with p = 2;
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i.e., 0:081;0:098;0:110; 0:138 when the same values of N are used. Looking at the
power of the test, we see that the power decreases when the chosen value of p is
larger than necessary. For example, when T = 25 and N = 50; the power drops
from 0:160 to 0:066 as p changes from 2 to 3. When T =50 and N = 10, the
power decreases from 0:356 to 0:233 as p changes from 3 to 4.

5. Empirical Application

As a practical application, we now apply our panel LM unit root test to analyze
the empirical validity of long run purchasing power parity, PPP. This theory has
been tested at length using univariate unit root tests, with largely disappointing
results. Much of the failure of these tests to support the notion of PPP in real
exchange rates has been attributed to the relatively low power of univariate unit
root tests, especially given the relatively short time span of the post-Bretton
Woods foat.

However, recent developments in panel unit root tests, such as the ‘Fisher
test’ proposed by Maddala and Wu (1998), the IPS test, and the test proposed
in Choi (2001), have allowed for the possibility of increasing the power of the test
for PPP. Recent examples of empirical tests for PPP using the above-mentioned
panel unit root tests include: Coakley and Fuertes (1997), Wu and Wu (2001)
and Choi (2001). The results of testing for PPP with these panel unit root tests
has generally been more favorable than those in the univariate setting. Still, none
of these applications allowed for the possibility of structural shifts in level in the
exchange rate series under consideration, a factor which itself can lead to reduced
power and spurious rejections of the null. As such, our application should provide
a more accurate assessment of this issue.

To test for relative PPP, we form the natural log of the real exchange rate, vy,
as follows: y = s+p j p°; where s is the natural log of the nominal exchange rate,
expressed in units of foreign currency per U.S. dollar; p is the natural log of the
U.S. price level, as measured by the consumer price index; and, p® is the natural
log of the foreign price level, also measured by the consumer price index. The
null hypothesis of our test states that each country’s real exchange rate contains
a unit root. Failure to reject the null indicates the absence of a long run PPP
relationship. Thus, rejection of the null provides evidence in favor of the PPP
hypothesis.

Our test provides the following features. We allow for up to two structural
shifts, as identi..ed by the dummy variables D4;; and Do;;, as described in equation
(3.19). Our panel LM test allows for country-speci..c ..xed exects due to the fact
that the t-statistics that are used to calculate the panel test statistic are estimated
with heterogeneous intercept terms in the univariate LM tests. Finally, our test
allows for heterogeneous measures of persistence among each of the countries of
the panel. In this way, the rate of convergence to long run PPP can vary from
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country to country.

In order to test the robustness of the PPP hypothesis in the panel setting,
we applied our test to the real exchange rates of four dicerent panels of coun-
tries. The smallest panel follows the work of Choi (2001) and is comprised of
the following six countries: Canada, France, Germany, Japan, Switzerland and
the U.K. This group will be referred to as ‘Choi’s selection.” The second group
is comprised of the following 12 countries from the European Monetary Union
(EMU): Austria, Belgium, Finland, France, Germany, Greece, Ireland, Italy, Lux-
embourg, Netherlands, Portugal and Spain. The third group is comprised of
the following 15 countries from the European Community (EC): Austria, Bel-
gium, Denmark, Finland, France, Germany, Greece, Ireland, Italy, Luxembourg,
Netherlands, Portugal, Spain, Sweden and the U.K. The fourth group includes the
following 21 OECD countries: Australia, Austria, Belgium, Canada, Denmark,
Finland, France, Germany, Greece, Iceland, Ireland, Italy, Japan, Luxembourg,
Netherlands, Norway, Portugal, Spain, Sweden, Switzerland and the U.K. In all
cases, both monthly and quarterly real exchange rates were constructed over the
period from April 1973 through December 1999. The data used in this applica-
tion was taken from the International Monetary Fund’s International Financial
Statistics CD ROM.

We begin with univariate LM tests, with no shift, one shift and two shifts. We
determine jointly the number of augmentation terms and the optimal shift points.
To so do, we ..rst determine the number of augmentations at all shift combinations
by following a ‘general to speci..c’ procedure; see Ng and Perron (1995). Then,
the shift locations are determined via a grid search, at the minimum of the test
statistics over the time interval [.1T, .9T] (to eliminate end points), by utilizing
the optimal number of augmentation terms for all combinations of shift locations
for each of the models with dicerent numbers of structural shifts.

Next, we determine the optimal number of structural changes for each country.
We adopt the approach of examining the signi..cance of the dummy coeCcients
¢D;it and €Dy;; in equation (3.19), using the usual t-test. The model-selection
procedure is as follows. First, we estimate a two-shift model and determine
whether or not such a model is appropriate by testing the signi..cance of the
dummy coeccients in this model. We select the two-shift model if both dummy
coeCcients are signi..cant at the 5% level. If one of these coeCcients is insignif-
icant, we mowve to a one-shift model. If the dummy coeccient in this model is
insigni..cant, we then select the model with no shift. Itis important to note that
the same expected value and variance of the panel LM test with no shift can be
still used when T is big enough, even if the number of shifts as well as locations
of shifts dicer over dicerent countries. This is due to the invariance property of
the panel LM tests, as discussed in Section 3. It is necessary to assume that the
locations of shifts are known in applying the panel unit root tests.

Table 5 contains the results of our panel LM unit root test applied to each
of the four panels described abowve. In all four cases, several countries in the
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panel were found to have at least one structural shift (details of this analysis
are available from the authors upon request). The results in Table 5 provide
overwhelming support in favor of the PPP hypothesis for both monthly and
quarterly exchange rates for all of the panels under consideration here. The null
of a unit root is rejected at the 5% signi..cance level in all cases. With regard
to the EMU, EC and OECD panels, our results are consistent with those of Wu
and Wu (1998).

With regard to the panel of Choi’s selection of countries, however, we ..nd
evidence in favor of PPP where Choi (2001) was only able to ..nd support for
this hypothesis when Japan was excluded from the panel. Since Choi’s test can
be generalized to the case that allows for structural shifts, it would be interesting
to see if his lack of evidence in favor of PPP when the panel includes Japan is
attributable to the failure to allow for structural shifts in the series.

6. Concluding Remarks

In this paper we develop a new panel unit root test based on the LM principle.
We apply this test in an empirical example and show strong support for long
run PPP in four dicerent panels of countries. Our proposed panel LM test is
robust to the presence of heterogeneous structural shifts. This property bears
important implications for empirical work, since no other panel unit root test has
yet been developed with relevant asymptotics that can handle structural shifts in
a practical way. Inthe benchmark case where no structural shifts are involved, the
panel LM test is shown to be more powerful than the popular IPS test. Further,
since the LM test is not subject to signi..cant power loss when controlling for
possibly spurious structural shifts when they do not exist, it will be a reasonable
strategy to control for shifts even when their existence is questionable.

We have shown asymptotic results with the case of one structural shift in the
mean in each time series, but extensions to the case with multiple shifts should be
straightforward. When there is more than one shift in each time series, we have
multiple dummy variables in the data generating process (3.1). The asymptotic
results presented in this paper should also extend to the case of a ..nite number
of multiple shifts.

Other extensions of the panel unit root test may also be of interest, but are left
for future research. For example, one might be interested in a possible extension
to the case of a trend shift. This case appears to pose practical dicculties,
however, since the invariance property of the univariate LM test does not hold
in the case of the panel LM test. In addition, recent developments in panel unit
root tests have examined how to control the ecect of the possible cross-sectional
dependency. This issue is not yet considered in our paper, mainly due to the
dicculty of deriving relevant asymptotic results.
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A. Appendix

In this appendix we show that
i ..
() iLr=0 T, (A1)
ELB()iLr =0'Tit (A.2)

which we claimed in (3.17) and (3.18). We assume uniform integrability of L2 ()
and Lt: (See Remarks 1 and 3 in the text.) \We drop subscript i for simplicity.
The following lemmas will be used in the proof.

Lemma 1. Consider a regression:

Yyt =Xt +iD¢+error; t=1;2;:5T; (A.3)
where Y
D, = 1 fort=;
t™ 0 otherwise,

and x; is 1£k vector. Let (Y; X; D) be the T £ (k+2) data matrix and (Y,; X,) be
(T i 1)£ (k +1) matrix obtained after eliminating the ¢ -th observations (y,; x;)
from (Y; X): Then,

X'M@pyX = X Xa; X'M(p)Y = XzYo;

where My is the projection onto the null space of (¢). The ..rst ; j 1 and the
last T §j ¢ OLS residuals from the regression (A.3) is identical to the residuals
obtained from regression of Y, on X, and the ¢ -th residual is zero.

Lemma 2. Let " » iidN(0;%?); for t = 1;2;::T; and " = ("1;"2; 2 "r)". Then
r—
T 1 i 0
m:3—/4+opT-12 : (A.4)
a— q

-
ECT) T ECT)

Singe "™ E (") = Op T2 dividing both the numerator and the denominator
by = T yields the result.

Proof: The result follows from a Nagar-type expansion: =

>From Lemma 1, 2, (suppressing subscripts i) in regression (3:8) is the av-
erage of €y, after eliminating €yr,+1; and ¥ = Cyr 41 § 2, namely:

P
= Yt i CYyre+1 _ YT i Yo _ Fyrpen

10

2 = T31 T31 'V T;51
YT i Yo YT i Yo CyT1+1
— —+ 3 ) A.
TTin" Ti1’ (A-5)
YT iYoi CYre+1 _ TCy1o+1 0 (YT i Yo)
F = + = : .
T ¢yTBl| Til Til (A6)



Therefore, if we let
8 h oy i
< YriYo - TRp+1
praan & it

1) fort - Tg;

Guin = _ 7 . CyTpr TQyrn+1i (7 i (A.7)
I B 'I\'/(l' ivf) i %’Til . (til)+ = Tlill(yT o) fort. Te+1
we have
Stil = é\til i Ot (A8)

Since LB () is invariant numerically to °,; ©, and £ under the null hypothesis,
we assume, without loss of generality, °; = °, = + = 0. Therefore, in the
following, y; follows a simple random walk with 0 initial value, and is denoted as

St = "t (Ag)
=1

where " > iidN (0;%2). We then hawe, under the null hypothesis,

S
Stit = Sti1 i ?T(t il); (A.10)
Cyy, = " (A.11)
and .
8h . i
q _<hT('SI'i1) i ;izli(til) fort - Tg; (A12)
e D ; T (til)+ . T?filliST fort | Te +1: .

>From (2.11) and (3.9), it is seen that

3 ~
p_ n
T éoill\/l(iT)

i 0
L = = +0, T

SiMinSit "M s, )"

p="~ ’

T §:Mg)” i ¢

= ¥z +0, Tit; (A.13)
S5 iMinSin (™)

and
2 .

P—
T S41M(rien)”
=

i ¢
+0, Til

L7 (.) =

SoilM(iT;ftD)Sil HOM(iT;d:D;:Sil)"
= .

p_ mn

T S51M;ep) i, ¢

Soi 1M(irep)Sit ()
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De..ne
ar =8%1Mi)Si1 i S}1Mgrep)Sini br = 8 Mgy i S51Mgrieny™s (A.15)

and
= ﬁ Br = 4= br : (A.16)
S SiManSis ()
s =
Dividing both the numerator and the denominator of L2 () by ‘Soi 1 M(iT)Q i1 ()

we have

At

o ) 1
P—
8 N
@r T |1M('T) ip?BTA
S MG ySi (1) P ¢
LB ()= ‘Q +0, Tit (A.17)
1iAr)
Sm i Sm i ;
2 pP— ;
= Ly 1A+ TR, 1+—2 +0, 'Tit";
i Ar i Ar

After some algebra (available from the authors upon request), we obtain

C D
) X “1 ﬂX I-J-l 1 zﬂ
ar = 2"15+1 iT (til)Se+ §+, Sti1 + §+§’ TSt +0,(T);
t=1 t=1
(A.18)

and " #

NUPIRE I R +0,(1); (A.19)

T= Te+l o7 L et T . til pL); :

where S;;; is the paril:ial s@ym process ide...n@d in (A.9), and | = ITB It now is
obvious that ar =0, T32 ;b =Q, T2 ;and
i P— oo
Ar =0,(T %) and  TBr = Op(T ). (A.20)
Therefore, it is seen from (A.17) that

1 P—- i ..C
LP()ilr=3LrAri TBr +0, i, (A.21)
which is O, (T 11%2),
Now we prove the claim in (A.2). From Assumption 3.1 of the uniform inte-
grability of LB (,) and Lt we have

£ a1 i ¢
ELP() il =5EWLrAD i Pre®) +oiTit (A.22)
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i ¢
This result follows if we show E (LtAt) = O(Ti!) and E(Ct) = O 'Tis2”
Combining (A.16) and (A.18) and applying Lemma 2, we have:

AT h P i, P i ¢ 1
. "o i i i
2 TB+1é0i1M(iT) |-';|I: ;r=1(t 1 1)Stil+ % _'|_b I:]_Stil+ % +é ? TST
= 3=2
% éoilM(iT)gil
It is straightforward to see that

éoi]_M(iT)éil = A ; (A24)
X, s X T, 1 X_ X

il 7 (@IDSu+oSTig Stir  +St Stjn +0p(T)
t=1 t=1 t=1

Let &, MaSi1 = Vir + Vor; where Vit is the sum of all the terms that in-
clude "r5+1, and Vyr is the sum of the rest of the terms. Thus, no "TP+1 i@
associated with V,r. Then, it is straightforward to see that V;+ = O, T3
and Var, = Op (T2). For example, the term associated with "r,+1 in the leading
term, I=1 S 1; is the squared terms of order 'I'I plu% the sum of the mean zero
cross product terms, the order of which is O, T32 . The order of the other
terms associated with "r,+1 is similarly obtained. From the normality, "t5+1 is
independent of V,r:

Wk de..ne the numerator of (A.23) to be 2"r,+1Ur; and divide both the nu-
merator and the denominator of (A.23) by (Vo1)* to have

LA = 2"TB+1UT:(V2T)3:2 _ 2"TB+1UT
TAT = _ 3=2 3=2
(1 + Vip=Var) (Var)

i 6
+0, Tit': (A.25)

Now let Ut = Ust + Uor; where Ut is the sum of the terms associated with "1, +1
and Uyt is the sum of the rest. Therefore, we hawe;

"ras1U gy i pp¢
E(Lran) =2B- WIS HIE GRS O T (A
2T 2T

From the normality assumption, Uar= (VgT)3;2 Is independent of "t +1 SO

that the second term on the right hand side vanishes. Also, it is straightforward
to shoy that Uiy = O, (T). We therefore have "1, 1Uir= (V21)>2 = Oy (T i)

and E "TB+1U1T: (V2-|')3:2 =0 (T il) .
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i ¢
E(Brt)=0 i3 s proved similarly. >From (A.16) and (A.19), we have:

3
P P
Te+1 '21-]-' thlt t+'-|1' tT:]_Stil i _3_2¢
BT = ré + Op -I-I -
S5 iMinSin (™)
3
P
B ] % thlt"t"‘ tT=1 Sti1 i ¢
= & +0, Ti¥? (A.27)
A 38,1 M) Sis
" l PT " PT
Tg+l 2 t:lt t+ t=1 Stil i _3:2¢
= p— +0, Ti%2: (A.28)
T3Vyr

-~

The second equality follows from Lemma 2, and tBe third equality is obtained by
dividing the numerator and the denominator by = T3V,t: Let

1 X . X
Wr =Wyt + Wor = 5 i+ Syn (A.29)
t=1 t=1

where Wit is the sum of the terms associated with "r,+1 and Wot4s the sum

of the rest of the terms. From the independence of "t +1 and War=" T3Vyr; we
have

n 1 ¢ " 1 ¢
E(B;)=E TB+1£:V\EW2T) +0 IT 132 _ }EFHWH +0 |_|_i3:2 . (A30)
T3V TV,

P— i ¢
But, "TB+1VV-1T = %p (T) and "TB+1W1T: T3V2T = Op lT 1322 ; S0 that we hawe

E(Bt) =0 T1i%2 : which completes the proof.
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Addendum to:
“PANEL LM UNIT ROOT TESTS WITH LEVEL SHIFTS”
by Kyung So Im, Junsoo Lee and Margie Tieslau

In this note we show the algebra for deriving ar and bt in (A.18) and (A.19)
of the Appendix. Note that

A 1
0 X 2 1 X i
éill\/l(iT)éil = til i ? étil : (1)
t=1 t=1
We also have from Lemma 1
A i,
0 _ 2 a2 . 1 X .
S;1M(iriep)Si1 = St;1 0 ST, i T 1 Sti1 i Stg
t=1 i t=1
X X X X
= i1 12 §ti1qti1+ Ot; 1 @3]
t=1 8At—l t=1 A ,
1 <X, 7 X X x 7
iT <1 - é\til i2 étil qtil+ Qtil
LS = =1 t=1 t=1
3 'XS g 3 - )
+2 §TB i 0Ts é\t.l i O +T é\TB i 07s
t=1

Inserting the results of (1) and (2) into at in (A.15) of the Appendix yields:

ar = éoilM(iT)éil i S7iMren)Sin 1

X X 1 x ¢
= 2 Suluii GG tT———— Sti1
=1 o Tyl
— s t=1 ~ t=1 (o]
A 1, . .
1 < X X X 3 X3 =
iT — 2 Su1 Gyt g1 +2 St i Ora Sti1 i Ot
L= = =1 t=1 t=1 >
T 3§ . 2
i 1 s 1 (18

3 -
. . P _ P, 8
It is stralghgforward to see that t—l qé 1 = O (1) w355 TmD  t=1°til

P 2 P,
Op(T);TLil I:lqtil = Op(T)1T_i1 é\TB i qTB t=1 é\til i Qtil = Op(T);

[1]



3 -

2
and TL.:L Ste i Grs = Oy (T). Therefore, we have

A 1
X 13X X
ar = 2 §t;1Qti1 i T S\til Grjz + Op(T)
t=1 ( t=1 t=1 )
1 X IJ-l ﬂj’( Hl 1 il
= 2Mg+1 0T (til)sti1+ -+, Stj1 + _+_,2 TSy +Op(T);
T =1 2 =1 3 2

which is what we havF in (é\ 18) in the Appendlx Fqilowmg a visual inspection,
the order of ar is O, T3% ; so that Ar = O, Tz

Now we derive the expression in (A.19). Note that~

A 1A |
0 X 1 X X
Si1Miriepy” = Stit"t 1 S T 0 T 1 Stit i S1s "1 "Tasy
=Ix 17 = t=1 .
X 1 X X X X )
- stil"t i Ti:1 Stil "t i STB "t i "TB+1 Stil + TSTB“TB+1
=1 1 =1 =1 t=1 t=1
X X
= étilnt i i1t
t=1 A t=1 ;
1 X X X X X X )
751 St ti Gu1 "tiSTe "tien  Stn+TST're.
1 t=1 t=1 t=1 t=1 t=1 t=1
and = = %
1 n
S.1M(IT) é\til tl ? ét.l t
t=1 t=1 t=1
Therefore,
br = $1Man™ i S51Mren)”
il'Viit) 1 2;1Vl(ir;¢eD)
X 1 Xg\ X
= Quit't i =9= til "t
=1 A TTiD _ 1 |
1 X X X X i
e i G tiSte "tiMen Stn+ TS T
' t=1 t=1 t=1 t=1

P

Examining each term, we have 74— 2151 1=t =0p (1) 755STe 1=yt =

Op (1) : Therefore,

X " —_ . ST "TB+1b - n T"TB+l i ST X "
Oej1't T(T'l)IT'l (tll)t+? t
t=1 i 1 t=1 1 t=Tg+1
., X <
i= e+ (i D"t+ "1, "t +0p(1);
2T _
t=1 t=Te+1

[2]



1 Xq X, _ 1 St "rewt”
il - 1
Til,_, " Til TTid'Ti1 _
Hl 11 <
= i, "+ "t +0p(1);
t=1
1 X 1
— "Ta. Sti1 —"Ta Stir+ Op(1)
T I l B+1 1 T l 1 B+1 1
_ 1 . XHS St t
- ~ Te+ til d
Tij1 & =1 T
1, Xs 1
- Te+1 til 1 5
T =1 2
and
T N &
T i 1STB Te+1 T Te+1 +OP (1)

Combining these results, we obtain

. X x 4, X
br = Z5"ert @i D "1 e el
. =1 tETB-;—J_ t=1
1 X 1 X
"+ T t + T Stiz +0,(1);
t=1 t=1

T
ti+Ci.)

il
i) +0p(D)

"Te ST+ O0p(1);

STB"TB+1 + >ST"TB+1 + Op (1) :

St il STB"TB+1 + OP (1)

which is¢the expreﬁsion in (A.19) of¢the Appendix. It is obvious that by =

Op 'T32": Hence, ' TCr =0Op i

[3]



