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Abstract

This paper proposes unit root tests for dynamic heterogeneous panels based on the
mean of individual unit root statistics. In particular it proposes a standardized t-bar
test statistic based on the (augmented) Dickey-Fuller statistics averaged across the
groups. Under a general setting this statistic is shown to converge in probability to a
standard normal variate sequentially with T (the time series dimension)→∞, followed
by N (the cross sectional dimension) →∞. A diagonal convergence result with T and
N →∞ while N/T → k, k being a finite non-negative constant, is also conjectured. In
the special case where errors in individual Dickey-Fuller (DF) regressions are serially
uncorrelated a modified version of the standardized t-bar statistic, denoted by Zt̃bar, is
shown to be distributed as standard normal as N →∞ for a fixed T , so long as T > 5
in the case of DF regressions with intercepts and T > 6 in the case of DF regressions
with intercepts and linear time trends. An exact fixed N and T test is also developed
using the simple average of the DF statistics. Monte Carlo results show that if a large
enough order is selected for the underlying ADF regressions, then the small sample
performances of the t-bar test is reasonably satisfactory and generally better than the
test proposed by Levin and Lin (1993).
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1 Introduction

Since the seminal work of Balestra and Nerlove (1966), dynamic models have played an in-
creasingly important role in empirical analysis of panel data in economics. Given the small
time dimension of most panels, the emphasis has been put on models with homogeneous
dynamics, and until recently little attention has been paid to the analysis of dynamic het-
erogeneous panels. However, over the past decade a number of important panel data set
covering different industries, regions, or countries over relatively long time spans have be-
come available, the most prominent example of which is the Summers and Heston (1991)
data. The availability of this type of “pseudo” panels raises the issue of the plausibility of
the dynamic homogeneity assumption that underlies the traditional analysis of panel data
models, and poses the problem of how best to analyze them. The inconsistency of pooled
estimators in dynamic heterogeneous panel models has been demonstrated by Pesaran and
Smith (1995), and Pesaran, Smith and Im (1996). The present paper builds on these works
and considers the problem of testing for unit roots in such pseudo panels.
Panel based unit root tests have been advanced by Quah (1992, 1994) and Levin and Lin

(1993, LL hereafter). The tests proposed by Quah do not accommodate heterogeneity across
groups such as individual specific effects and different patterns of residual serial correlations.
LL’s test is more generally applicable, allows for individual specific effects as well as dynamic
heterogeneity across groups, and requires N/T → 0 as both N (the cross section dimension)
and T (the time series dimension) tend to infinity.1

Using the likelihood framework, this paper proposes an alternative testing procedure
based on averaging individual unit root test statistics for panels. In particular, we propose
a test based on the average of (augmented) Dickey-Fuller (1979) statistics computed for
each group in the panel, which we refer to as the t-bar test. Like theLL procedure, our
proposed test allows for residual serial correlation and heterogeneity of the dynamics and
error variances across groups. Under very general settings this statistic is shown to converge
in probability to a standard normal variate sequentially with T →∞, followed by N →∞.
A diagonal convergence result with T and N → ∞ while N/T → k, k being a finite non-
negative constant, is also conjectured.
In the special case where errors in individual Dickey-Fuller (DF) regressions are serially

uncorrelated a modified version of the (standardized) t-bar statistic, denoted by Zt̃bar, is
shown to be distributed as standard normal as N → ∞ for a fixed T , so long as T > 5 in
the case of DF regressions with intercepts, and T > 6 in the case of DF regressions with
intercepts and linear time trends. An exact fixed N and T test is also developed using
the simple average of the DF statistics. Based on stochastic simulations it is shown that
the standardized t-bar, Zt̃bar, provides an excellent approximation to the exact test even for
relatively small values of N .
Mean and variance of the individual t statistics needed for the implementation of the

test for N and T large are also provided. The finite sample performances of the proposed

1Since the release of the working paper version of this paper in 1995 a number of other approaches to unit
root testing in heterogeneous panels have also been proposed in the literature. See, for example, Bowman
(1999), Choi (2001), Hadri (2000), Maddala and Wu (1999), and Shin and Snell (2000). A review of this
literature is provided in Baltagi and Kao (2000).
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t-bar test and the LL test are examined using Monte Carlo methods. The simulation results
clearly show that if a large enough order is selected for the underlying ADF regressions, then
the finite sample performance of the t-bar test is reasonably satisfactory and generally better
than that of the LL test.
The plan of the paper is as follows. Section 2 sets out the model and provides a brief

review of the previous studies. Section 3 sets out the likelihood framework for heteroge-
neous panels, and derives test statistics in the case where errors in individual Dickey-Fuller
regressions are serially uncorrelated. Section 4 considers a more general case with serially
correlated errors. Section 5 presents the Monte Carlo evidence. Section 6 provides some
concluding remarks.

2 The Basic Framework

Consider a sample of N cross sections (industries, regions or countries) observed over T
time periods. We suppose that the stochastic process, yit, is generated by the first-order
autoregressive process:

yit = (1− φi)µi + φiyi,t−1 + εit, i = 1, ..., N ; t = 1, ..., T, (2.1)

where initial values, yi0, are given. We are interested in testing the null hypothesis of unit
roots φi = 1 for all i. (2.1) can be expressed as

∆yit = αi + βiyi,t−1 + εit, (2.2)

where αi = (1− φi)µi, βi = −(1 − φi) and ∆yit = yit − yi,t−1. The null hypothesis of unit
roots then becomes

H0 : βi = 0 for all i, (2.3)

against the alternatives,

H1 : βi < 0, i = 1, 2, . . . , N1, βi = 0, i = N1 + 1, N1 + 2, . . . , N. (2.4)

This formulation of the alternative hypothesis allows for βi to differ across groups, and
is more general than the homogeneous alternative hypothesis, namely βi = β < 0 for all
i, which is implicit in the testing approach of Quah and Levin and Lin (LL) to be dis-
cussed below. It also allows for some (but not all) of the individual series to have unit
roots under the alternative hypothesis. Formally we assume that under the alternative hy-
pothesis the fraction of the individual processes that are stationary is non-zero, namely if
limN→∞ (N1/N) = δ, 0 < δ ≤ 1. This condition is necessary for the consistency of the panel
unit root tests.
Quah (1994) considers the following simple dynamic panel,

yit = φyi,t−1 + εit, i = 1, ..., N ; t = 1, ..., T, (2.5)

where εit are independently and identically distributed across i and t with finite variance, σ
2.

Under additional conditions that T = κN with κ > 0, and c = limT→∞E
µ
yi0 × T− 1

2

TP
t=1

εit

¶
[2]



is the same for all i, Quah shows that under the unit root hypothesis, φ = 1, as N →∞ and
T →∞,

QNT (c,σ
2) =

r
N

2
T
³
φ̂NT − 1− 2 c

σ2
T−

3
2

´
⇒ N(0, 1), (2.6)

where φ̂NT is the pooled OLS estimator of φ in (2.5) and “⇒” represents the weak convergence
in distribution. QNT (c,σ

2) is of limited practical use as it does not allow for the group specific
effects and serially correlated and heterogeneous errors. In another paper Quah (1992)
considers the more general case where εit and yi0 follow mixing processes, thus allowing for
errors in (2.5) to be serially correlated and to have a certain degree of variance heterogeneity.2

Levin and Lin provide a more general testing framework and consider the following three
models:

∆yit = βyi,t−1 + αmidmt + uit, i = 1, ..., N ; t = 1, ..., T ; m = 1, 2, 3, (2.7)

where dmt contains deterministic variables; d1t = {Ø}, d2t = {1}, and d3t = {1, t}. In
specifying uit, LL also allow for different dynamics across groups (see (4.2) below), and
argue that under β = 0, their proposed statistic weakly converges to a standard normal
variate, as T →∞ and N →∞ with N/T → 0.3

A number of other tests have also been proposed more recently. Baltagi and Kao (2000)
provide a review.

3 Fixed T Unit Root Tests for Heterogeneous Panels

with Serially Uncorrelated Errors

In this section we develop our proposed test in the context of the panel data model, (2.1),
where the errors are serially uncorrelated but T is fixed. For this purpose we make the
following assumption:

Assumption 3.1 εit, i = 1, ..., N , t = 1, ..., T, in (2.1) are independently and normally dis-
tributed random variables for all i and t with zero means and finite heterogeneous variances,
σ2i .

In this case the relevant Dickey-Fuller (1979) regressions are given by (2.2) with the
following pooled log-likelihood function:

`NT (β,ϕ) =
NX
i=1

(
−T
2
log 2πσ2i −

1

2σ2i

TX
t=1

(∆yit − αi − βiyi,t−1)
2

)
, (3.1)

2The application of the mixing condition to yi0 with respect to i pre-assumes an immutable ordering of
the groups, which is unlikely to exist in practice.

3However, Bowman (1999, section 6) argues that the conditions stated by LL are too weak to establish
their claim.
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where β = (β1, ...,βN)
0, ϕi = (αi,σ

2
i )
0 and ϕ = (ϕ01, ...,ϕ

0
N)

0. Using this likelihood frame-
work one could in principle develop alternative panel unit tests based on the average of the
log-likelihood ratio, Wald or the Lagrange multiplier statistics. Here we follow the time se-
ries unit root literature and primarily focus on panel unit root tests based on the average of
individual Dickey-Fuller (DF) statistics. The standard DF statistic for the ith group is given
by the t-ratio of βi in the regression of ∆yi = (∆yi1,∆yi2, . . . ,∆yiT )

0 on τ T = (1, 1, . . . , 1)0

and yi,−1 = (yi0, yi1, . . . , yi,T−1)
0. Denoting it by tiT we have

tiT =
β̂iT
¡
y0i,−1Mτyi,−1

¢1/2
σ̂iT

=
∆y0iMτyi,−1

σ̂iT
¡
y0i,−1Mτyi,−1

¢1/2 , (3.2)

where β̂iT is the OLS estimator of βi,Mτ = IT − τ T (τ 0Tτ T )−1τ 0T ,

σ̂2iT =
∆y0iMXi∆yi
T − 2 , (3.3)

MXi = IT −Xi(X
0
iXi)

−1Xi, and Xi=(τ T ,yi,−1).
For analytical tractability we shall also consider the following simplified version of this

statistic

t̃iT =
∆y0iMτyi,−1

σ̃iT
¡
y0i,−1Mτyi,−1

¢1/2 , (3.4)

where

σ̃2iT =
∆y0iMτ∆yi
T − 1 . (3.5)

The two statistics, tiT and t̃iT , differ only as far as the choice of the estimator of σ
2
i is

concerned. It is easily seen that both of the estimators, σ̂2iT and σ̃2iT are consistent under the
null hypothesis.
As is well known, under βi = 0 both test statistics have the same asymptotic distribution

(for a given i and as T →∞), although they will have different distributional properties for
a fixed T . It turns out that for a fixed T and a sufficiently large N , the analysis of panel
unit root tests is analytically much more manageable if we base the test on the average of
t̃iT , although both procedures yield equivalent panel unit root tests if T → ∞, followed by
N →∞. Therefore, for a fixed T (the focus of this section) we consider the following average
statistic:

t̃-barNT =
1

N

NX
i=1

t̃iT , (3.6)

which we shall refer to as the t̃-bar statistic. To establish the asymptotic distribution of this
statistic we first note that under βi = 0, yi,−1 can be written as

yi,−1 = yi0τ T + si,−1, (3.7)

[4]



where yi0 is a given initial value (fixed or random), si,−1 = (si0, si1, . . . , si,T−1)
0 , with sit =Pt

j=1 εij. Also si,−1 = Hεi where H is the T × T matrix given by

H =



0 0 0 · · · 0 0
1 0 0 · · · 0 0
1 1 0 · · · 0 0
...
...
...

...
...
...

1 1 1 · · · 0 0
1 1 1 · · · 1 0


. (3.8)

Using these results in (3.4), under the null hypothesis we have

t̃iT =

√
T − 1υ0iAυi

(υ0iCυi)
1/2 (υ0iBυi)

1/2
, υi =

εi
σi
∼ N(0, IT ), (3.9)

where εi = (εi1, εi2, . . . , εi,T )
0, A,B and C defined by

A =
1

2
(MτH+H

0Mτ) , B = H
0MτH, C =Mτ

are fixed symmetric matrices, B and C being semi-positive definite with rank T − 1. There-
fore, by Theorem 1(iii) of Magnus (1990), E (υ0iAυi/υ

0
iBυi)

s exists for 0 ≤ s < (T − 1)/2.
In particular, the second moments of υ0iAυi/υ

0
iBυi and υ

0
iAυi/υ

0
iCυi exist if T > 5. Hence

by Cauchy-Schwarz inequality

E(t̃2iT ) ≤ (T − 1)
"
E

µ
υ0iAυi
υ0iBυi

¶2#1/2 "
E

µ
υ0iAυi
υ0iCυi

¶2#1/2
,

and for a fixed T , the second-order moment of t̃iT also exists if T > 5.
4

The case of T → ∞ requires a different treatment. As is well known, for each i both
statistics, tiT and t̃iT , converge to the Dickey-Fuller distribution, ηi, defined by

5

ηi =
1
2

©
[Wi(1)]

2 − 1ª−Wi(1)
R 1
0
Wi(u)du½R 1

0
[Wi(u)]

2 du−
hR 1
0
Wi(u)du

i2¾1/2 , (3.10)

where Wi(u) is the standard Brownian motion associated with υi.
6 The problem of the

existence of the moments of ηi is addressed by Nabeya (1999) who also provides numerical

4Note that this condition is sufficient and not necessary for the existence of the moments of the modified
t-ratio. In fact since t̃2iT = (T − 1)R2iT , where R2iT is the squared multiple correlation coefficient of the DF
regression (2.1), then all moments of t̃2iT exists for a fixed T , assuming that T > 3 and the DF regression
can be computed.

5See, for example, Hamilton (1994, Section 17.4).
6This result holds more generally and does not require the normality assumption which is invoked here

to deal with the case where T is fixed.

[5]



values for the first six moments of the DF distribution for the three standard specifications
of the DF regressions, namely with and without intercepts and linear trends. In particular,
for the specification (2.1) he reports E(ηi) = −1.53296244 and V ar(ηi) = 0.706022. See
Table 4, Model 2 in Nabeya (1999).
The above results now establish the following theorem:

Theorem 3.1 Under assumption 3.1, and for T > 5, the individual statistics, t̃iT , i =
1, ..., N , given by (3.4) are identically and independently distributed with finite second order
moments, and therefore by Lindberg-Levy central limit theorem under the null hypothesis
(2.3) and as N →∞ the standardized t̃-bar statistic

Zt̃bar =

√
N
©
t̃-barNT −E(t̃T )

ªp
V ar(t̃T )

, (3.11)

converges to a standard normal variate [written more compactly as Zt̃bar
N⇒ N (0, 1)], where

t̃-barNT is defined by (3.6), and E(t̃T ) and V ar(t̃T ) are respectively the mean and the variance
of t̃iT , defined by (3.9).

Although, we have not been able to establish the conditions under which the moments of
tiT exist, our simulations using tiT instead of t̃iT suggest that the same conditions are likely
to apply to tiT . In particular, in the case of Dickey-Fuller regressions containing intercepts
it appears that the condition T > 5 is in fact sufficient for the second moment of tiT to exist.
For DF regressions containing both intercepts and linear trends, using Magnus’ Theorem
it is easily seen that the second moment of t̃iT exist if T > 6. Again the same condition
seems to be applicable to tiT .

7 These moments computed for different values of T using
stochastic simulations with 50,000 replications are presented in Table 1. As to be expected
the estimated first two moments of tiT and t̃iT converge as T is increased, although they differ
for small values of T . The last row of Table 1 also gives the asymptotic moment estimates
reported by Nabeya (1999), which are very close to those given for T = 1000 in Table 1.
However, for small values of T , the use of Nabeya’s asymptotic moment values could lead to
poor test results.

Remark 3.1 In the more general case where Ti differs across groups, t̃iTi are independently
but not identically distributed across i. So long as Ti > 9 so that the third moment of t̃iTi
exists, by the Lyapunov central limit theorem, we have

Zt̃bar =

√
N
n
t̃-barNT −N−1PN

i=1E(t̃Ti)
o

q
N−1PN

i=1 V ar(t̃Ti)

N⇒ N (0, 1) . (3.12)

For future reference the corresponding standardized t-bar statistic is given by

Ztbar =

√
N
n
t̃-barNT −N−1PN

i=1E(tTi)
o

q
N−1PN

i=1 V ar(tTi)
, (3.13)

7Detailed stochastic simulation results are available upon request.
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where

t̃-barNT =
1

N

NX
i=1

tiTi . (3.14)

3.1 A Fixed N and T Test

When N and T are both fixed, the sample distribution of t-bar statistic, t̃-barNT , under
the null hypothesis (2.3) is non-standard, but does not depend on any nuisance parameters.
Exact sample critical values for the t-bar statistic in this case can be computed via stochastic
simulation. The results, using 50,000 replications, are summarized in Table 2 for different
values of N and T , for the case of DF regressions with and without linear time trends. The
test based on the standardized t-bar statistic, Ztbar, is equivalent to that based on t̃-barNT
when N is sufficiently large, but in principle could differ from it for a fixed N . However, our
computations suggest that the two testing procedures have very similar performance even
for relatively small values of N . To see this note that

Pr(Ztbar < zα) = Pr(t̃-barNT < cT (α)),

where zα is the α percent critical value of the standard normal distribution, and

cT (α) = zα
p
N−1V ar(tT ) +E(tT ).

Hence, the tests based on Ztbar and t̃-barNT differ only to the extent that cT (α) is different
from the corresponding exact critical value of the t-bar test reported in Table 2. Using the
mean and the variance of tT given in Table 1 for T = 10 we have

Approximate 5% Critical Values Exact 5% Critical Values
N Without trend With trend Without trend With trend
2 -2.71 -3.40 -2.73 -3.47
3 -2.49 -3.18 -2.50 -3.22
4 -2.35 -3.04 -2.38 -3.06
5 -2.26 -2.95 -2.28 -2.98
6 -2.20 -2.88 -2.22 -2.91
7 -2.15 -2.83 -2.17 -2.85
8 -2.11 -2.78 -2.12 -2.81
9 -2.07 -2.75 -2.08 -2.77
10 -2.04 -2.72 -2.06 -2.74

It is clear from these results that the standardized t-bar test provides an excellent approxima-
tion to the exact test even for relatively small values of N . Similar results are also obtained
if the tests are based on t̃iT instead of tiT .

4 Unit Root Tests for Heterogeneous Panels with Se-

rially Correlated Errors

In this section we consider the more general case where the errors in (2.1) may be serially
correlated, possibly with different serial correlation patterns across groups, but with T and

[7]



N sufficiently large.
Suppose that yit are generated according to following finite-order AR(pi + 1) processes:

yit = µiφi(1) +

pi+1X
j=1

φijyi,t−j + εit, i = 1, ..., N ; t = 1, ..., T, (4.1)

which can be written equivalently as the ADF (pi) regressions:

∆yit = αi + βiyi,t−1 +
piX
j=1

ρij∆yi,t−j + εit, i = 1, ..., N ; t = 1, ..., T, (4.2)

where φi(1) = 1 −
Ppi+1

j=1 φij, αi = µiφi(1), βi = −φi(1), and ρij = −
Ppi+1

h=j+1 φih. Writing
the ADF regressions for each i in matrix notations we have,

∆yi = βiyi,−1 +Qiγi + εi, (4.3)

where Qi = (τ T ,∆yi,−1,∆yi,−2, . . . ,∆yi,−pi) and γi = (αi, ρi1, ρi2,... ,ρipi)
0.

We also make the following assumptions:

Assumption 4.1 All the roots of φi(z) = 1 −Ppi+1
j=1 φijz

j = 0, i = 1, 2, ..., N, fall on or

outside the unit circle, while all the roots of ρi(z) = 1−
Ppi

j=1 ρijz
j = 0, i = 1, 2, ..., N, fall

strictly outside the unit circle.

Assumption 4.2 εit, i = 1, 2, ..., N , t = 1, 2, ..., T, in (4.2) are independently distributed as
normal variates with zero means and finite (possibly) heterogeneous variances, σ2i , and the
initial values, yi0, yi,−1, ..., yi,−pi, are given (either fixed or stochastic).

As in the previous section the t-bar statistic is formed as a simple average of the individual
t statistic for testing βi = 0 in (4.2), namely

t-barNT =
1

N

NX
i=1

tiT (pi,ρi), (4.4)

where tiT (pi,ρi) is given by

tiT (pi,ρi) =

√
T − pi − 2

¡
y0i,−1MQi∆yi

¢¡
y0i,−1MQiyi,−1

¢1/2
(∆y0iMXi∆yi)

1/2
, (4.5)

ρi = (ρi1, ρi2, ..., ρipi)
0, MQi = IT − Qi(Q

0
iQi)

−1Qi, MXi = IT − Xi(X
0
iXi)

−1Xi, and
Xi=(yi,−1,Qi).
When T is fixed, the individual ADF statistics, tiT (pi,ρi), will depend on the nuisance

parameters, ρi, i = 1, ..., pi, even under βi = 0. Therefore, the standardization using
E [tiT (pi,ρi)] and V ar [tiT (pi,ρi)] will not be practical. But when T and N are sufficiently
large it is possible to develop asymptotically valid t-bar type panel unit root tests that are
free from the nuisance parameters.

[8]



To this end first note that under assumptions 4.1 and 4.2, and as T →∞ the individual
ADF statistics, (4.5), converge to ηi, defined by (3.10).

8 Let

xiT (pi,ρi) =
tiT (pi,ρi)−E(ηi)p

V ar(ηi)
,

and consider the following standardized t-bar statistic

Ztbar(p,ρ) =

√
N {t-barNT −E(η)}p

V ar(η)
=

1√
N

NX
i=1

xiT (pi,ρi), (4.6)

where ρ = (ρ01,ρ
0
2, ....,ρ

0
N)

0 and p = (p1, p2, ...., pN)0. For a fixed N , first let T →∞ to obtain

1√
N

NX
i=1

xiT (pi,ρi)
T
=⇒ 1√

N

NX
i=1

xi,

where xi = (ηi − E(ηi)) /
p
V ar(ηi) is the limiting distribution of xiT , as T →∞. Then let

N →∞. Since x0is are identically and independently distributed with zero means and unit
variances, by Lindberg-Levy’s central limit theorem we have

1√
N

NX
i=1

xi
N
=⇒ N(0, 1).

This establishes that the standardized t-bar statistic, Ztbar(p,ρ), defined by (4.6) converges
in distribution to a standard normal variate sequentially, as T →∞ first and then N →∞,
denoted by

T,N
=⇒ N(0, 1).

A number of other sequentially asymptotically equivalent tests can also be obtained. For
example, the asymptotic version of the result in Theorem 3.1 can be written as

Zt̃bar(p,ρ) =

√
N
©
t̃-barNT − E(t̃T )

ªp
V ar(t̃T )

T,N
=⇒ N(0, 1), (4.7)

where

t̃-barNT =
1

N

NX
i=1

t̃iT (pi,ρi), (4.8)

t̃iT (pi,ρi) =

√
T − pi − 1

¡
y0i,−1MQi∆yi

¢¡
y0i,−1MQiyi,−1

¢1/2
(∆y0iMQi∆yi)

1/2
. (4.9)

Another alternative of practical relevance would be to carry out the standardization of
the t-bar statistic using the means and variances of tiT (pi,0) evaluated under βi = 0. This

8See, for example, Hamilton (1994, Section 17.7).
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is likely to yield better approximations, since E [tiT (pi,0) | βi = 0], for example, makes use
of the information contained in pi while E [tiT (0,0) | βi = 0] does not. In view of this we
propose the alternative standardized t-bar statistic

Wtbar(p,ρ) =

√
N
n
t-barNT − 1

N

PN
i=1E [tiT (pi,0) | βi = 0]

o
q

1
N

PN
i=1 V ar [tiT (pi,0) | βi = 0]

T,N
=⇒ N(0, 1).

(4.10)

As in Remark 3.1, the preceding analysis can be readily extended to unbalanced panels
and/or to dynamic panels with intercepts and linear time trends. Table 3 gives the values
of E [tiT (p,0) | βi = 0] and V ar [tiT (p,0) | βi = 0] for different values of T and p, computed
via stochastic simulations with 50,000 replications, when the underlying ADF(p) regression
is estimated with and without a linear time trend.
The above sequential asymptotic results while useful may not provide an adequate ap-

proximation in cases where both N and T tend to infinity simultaneously.9 We believe it is
possible to generalize the asymptotic results of this paper to the case where N and T →∞
such that N/T → k, for a finite non-negative constant k. The basis of this conjecture is as
follows: Consider first the following decomposition of Zt̃bar(p,ρ), defined by (4.7)

Zt̃bar(p,ρ) =
1√
N

NX
i=1

t̃iT (pi,ρi)− E(t̃T )p
V ar(t̃T )

= Zt̃bar +DNT , (4.11)

where10

Zt̃bar =
1√
N

NX
i=1

t̃iT −E(t̃T )p
V ar(t̃T )

,

DNT =
1p

V ar(t̃T )

Ãr
N

T

!ÃPN
i=1

√
TdiT (pi,ρi)

N

!
, (4.12)

and
diT (pi,ρi) = t̃iT (pi,ρi)− t̃iT .

By Theorem 3.1, the first part of (4.11) converges to the standard normal variate as N →∞
for T > 5. Since Zt̃bar(p,ρ)

T,N
=⇒ N (0, 1), it also follows that Zt̃bar

T,N
=⇒ N (0, 1) . Therefore,

Zt̃bar =⇒ N (0, 1) irrespective of whether T →∞ followed by N →∞, or vice versa. Hence,
for Zt̃bar(p,ρ) =⇒ N (0, 1) along the diagonal path N/T → k, it is sufficient to establish that
under the null hypothesis

plimN,T→∞,N
T
→kDNT = 0. (4.13)

9See, for example, Phillips and Moon (1999) for a discussion of different types of asymptotics in panel
data models.
10Note that Zt̃bar = Zt̃bar(0,0), and t̃iT = t̃iT (0,0)
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But as shown by Said and Dickey (1984), diT (pi,ρi) = Op
³
T−

1
2

´
,11 and it seems reasonable

to conjecture that under βi = 0 and Assumptions 4.1 and 4.2,

E (TdiT (pi,ρi)) = O (1) ; V ar
³√
TdiT (pi,ρi)

´
= O (1) . (4.14)

This conjecture is supported by stochastic simulations we have carried out using 100,000
replications in the simple case where pi = 1. The results for the values of ρi = 0.5, 0.9 and
0.98 are summarized below:

T E
©
T
£
t̃iT (1, ρ)− t̃iT

¤ª r
V ar

n√
T
£
t̃iT (1, ρ)− t̃iT

¤o
ρ = 0.5 ρ = 0.9 ρ = .98 ρ = 0.5 ρ = 0.9 ρ = .98

10 1.15 4.65 8.28 2.03 3.53 4.43
25 0.90 6.41 18.10 2.48 5.02 7.22
50 0.77 6.26 27.70 2.70 5.89 9.58
100 0.65 5.51 36.60 2.84 6.51 11.80
500 0.64 4.11 29.00 2.99 7.29 15.20
1000 0.67 3.45 23.50 3.02 7.50 16.10
5000 0.73 3.69 17.40 3.01 7.56 17.10
10000 0.82 1.81 16.00 3.04 7.66 17.40

Assuming that our conjecture is valid, using the independence of diT (pi,ρi) across i for any
T , we have

V ar(DNT ) =
1

V ar(t̃T )

µ
1

T

¶PN
i=1 V ar

h√
TdiT (pi,ρi)

i
N

 ,
and

E(DNT ) =
1p

V ar(t̃T )

Ã√
N

T

!ÃPN
i=1E [TdiT (pi,ρi)]

N

!
.

Using (4.14), and recalling that V ar(t̃T ) exists and is finite for T > 5 we now have

limN,T→∞,N
T
→kV ar(DNT ) = 0, and limN,T→∞,N

T
→kE(DNT ) = 0,

and DNT weakly converges to zero as required by (4.13).

5 Monte Carlo Simulation Results

In this section we use Monte Carlo experiments to examine finite sample properties of the
alternative panel-based unit root tests. We consider four sets of Monte Carlo experiments.
The first set focuses on the benchmark model,

yit = (1− φi)µi + φiyi,t−1 + εit, t = 1, ..., T ; i = 1, ..., N, (5.1)

11The result in Said and Dickey (1984) is proved for tiT (pi,ρi)−tiT but applies equally to t̃iT (pi,ρi)− t̃iT .
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where εit ∼ N (0,σ2i ). The second set of experiments allows for the presence of positive
(heterogeneous) AR(1) serial correlations in εit,

εit = ρiεi,t−1 + eit, t = 1, ..., T ; i = 1, ..., N, (5.2)

where eit ∼ N (0,σ2i ), ρi ∼ U [0.2, 0.4], U stands for a uniform distribution and ρi’s are
generated independently of eit. The third set of experiments considers the MA(1) error
processes,

εit = eit + ψiei,t−1, t = 1, ..., T ; i = 1, ..., N, (5.3)

where ψi ∼ U [−0.4,−0.2], and ψi’s are generated independently of eit. The fourth set of
experiments allows for a linear trend in estimation of the ADF regressions using the same
data generating process employed in the second set of experiments.
In all of the experiments eit (or εit in (5.1)) are generated as iid normal variates with zero

means and heterogeneous variances, σ2i . The parameters µi and σ2i are generated according
to

µi ∼ N(0, 1), σ2i ∼ U [0.5, 1.5], i = 1, 2, ..., N. (5.4)

Under the null φi = 1 for all i, while φi = 0.9 for all i under the alternative hypothesis.
12

All of the parameter values such as µi, σ
2
i , ρi or ψi or θt are generated independently of

εit once, and then fixed throughout replications. The first set of experiments were carried
out for N = 1, 5, 10, 25, 50, 100, T = 10, 25, 50. The other experiments were carried out
for N = 10, 25, 50, 100, T = 10, 25, 50, and p = 0, 1, 2, 3, 4. We used 2,000 replications to
compute empirical size and power of the tests at the 5% nominal level.13

All experiments are carried out using the following two statistics: the t-bar and the
LL tests. The results for the first set of experiments are summarized in Table 4.14 As a
benchmark, in the first row of this table we give empirical size and power of the standard DF
test. When T = 10, we report only the results for the t-bar tests, because the adjustment
factors needed to compute the LL statistic are not supplied by Levin and Lin (1993) for
T = 10. The t-bar test (i.e. Ztbar defined by (3.13) for simple DF regressions) perform well
even for small values of T . It has the correct size, and its power rises monotonically with N
and T . In the case of T = 10, the power of the t-bar test increases steadily from 0.071 for

12We also carried out a number of other experiments where we considered heterogeneous alternatives with
φi ∼ U [0.85, 0.95]. The results are similar to the ones reported in this section. A complete set of the Monte
Carlo results for these experiments are available from the authors on request.
13We have also carried out a number of other experiments including the cases with negatively correlated

AR(1) disturbances or positively correlated MA(1) disturbances in conjunction with the ADF regression
models with or without time trend being estimated. Most results are qualitatively similar to what follows.
We have further conducted simulation exercises where the ADF order is chosen by information criteria such

as the Akaike Information or the Schwarz Criterion. The tests show a significant degree of size distortions,
largely reflecting that in finite samples these criteria tend to select a low order for the ADF regressions. See
also Ng and Perron (1995) for the effect of the ADF order selection on the finite sample performance of unit
root tests in the case of single time series.
14We also carried out a number of experiments allowing for linear trends in the DF regressions and obtained

similar results, although as to be expected the tests tended to have little power for T and N less than 25.
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N = 5 to 0.384 for N = 100. Overall, both tests have similar features, although for T = 25,
the LL test seems to have a tendency to over-reject as N is allowed to increase. In addition,
for small T the t-bar test has a slightly higher power even though the LL test has a larger
size.
In the case of models with serially correlated errors, we experimented with both versions

of the standardized t-bar tests; that is, Ztbar(p,ρ) defined in (4.6), and Wtbar(p,ρ) defined
in (4.10), respectively. Although the tests are asymptotically equivalent, we have found
that Wtbar(p,ρ) statistic, which explicitly takes account of the underlying ADF orders in
computing the mean and the variance adjustment factors, perform much better in small
samples. Therefore, in what follows, we report only the results based on this statistic.
Table 5 summarizes the results for the second set of experiments. These results clearly

show the importance of correctly choosing the order of the underlying ADF regressions. The
problem is particularly serious when the order is underestimated. For example, incorrectly
using the ADF(0) regressions to compute the test statistics causes the size of all the tests
to go to zero.15 The situation is different, however, when the orders of the underlying ADF
regressions are correctly chosen or over-estimated. In the case where the order is correctly
chosen, the t-bar test, based on Wtbar(p,ρ), has empirical sizes very close to the nominal
size, for all sample sizes, even when T = 10. In contrast, the LL test tends to over-reject the
null hypothesis, and the extent of this over-rejection worsens as N increases. For example,
when T = 50, the size of the LL test for p = 1 rises from 0.062 for N = 10 to 0.095 for
N = 100. For p > 1, the size of the LL test tends towards zero as N increases. Turning
to the power performance of the tests, we find that the t-bar test is more powerful than the
LL test. For example, when T = 50 and N = 25, although the LL test for p = 1 is slightly
over-sized (0.084) and the t-bar test has correct size (0.064), the powers of the t-bar test
(0.972) substantially exceeds that of the LL test (0.778).
In general, over-fitting is less harmful for inference on unit roots than under-fitting, but

there is also a trade-off between power and size of the tests, which is a well-established
empirical finding when testing for a unit root in the case of single time series. This trade-off
is, however, much less favorable to the LL test than it is to the t-bar test. For example,
when T = 50 and N = 25, the power of the t-bar test based on ADF(1) regressions decreases
from 0.972 to 0.878 when ADF(4) regressions are used, but the power of the LL test drops
from 0.778 to 0.026!
The results for the third set of experiments are summarized in Table 6 for the case with

negative MA(1) errors. Now choosing too small p in the ADF regressions could have more
detrimental effects on the finite sample performance of both tests. But, it is notable that the
empirical size of t-bar test is reasonably close to the nominal size, once the sufficiently large
order of p is selected, e.g. p = 3 or 4. At the same time the power of the t-bar test remains

15The direction of the size distortion of the tests crucially depends on whether εit are positively or neg-
atively autocorrelated. Failure to adequately allow for positive residual serial correlation results in under-
rejection of the null hypothesis, while gross over-rejection results in the presence of neglected negative residual
serial correlation. This is due to the fact that the distribution of the ADF(0) t-statistic gets shifted to the
right with larger dispersions when there is a (neglected) positive residual serial correlation, and to the left
with larger dispersions when there is a (neglected) negative residual serial correlation. Using 50,000 replica-
tions E(tT | φ = 1) and V ar(tT | φ = 1) are simulated to be -1.5320 and 0.7346, respectively, when ρ = 0,
while they are -0.8979 and 1.2789 when ρ = 0.5; and -2.6291 and 1.2061 when ρ = −0.5.
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comparable to that obtained in benchmark case. For example, when p = 3 and T = 25, the
empirical powers of the t-bar test are (0.213, 0.451, 0.742, 0.963) for N = (10, 25, 50, 100),
respectively, which are more or less comparable to the powers of the t-bar test for benchmark
case (0.261, 0.549, 0.838, 0.990) (see Table 4 for the corresponding T and N). On the other
hand, the LL test tends to heavily under-reject both under the null and under the alternative
when the higher order of p is selected. For example, when p = 4 is selected, both empirical
size and power of the LL test are close to zero throughout all experiments.
The results for the fourth set of experiments are summarized in Table 7. Once again an

incorrect choice of the order of the ADF regression has detrimental effects for the performance
of the test when the order is under-estimated. Correctly choosing the order of the ADF
regression seems to be much more important in the present experiments where the panel
contains deterministic time trends. In the case of the ADF(1) specification, the size of the
t-bar test is around the nominal level even when T = 10. On the other hand, the LL test
tends to under-reject, as N increases relative to T . This size distortion problem becomes
more serious as p increases. In general, the t-bar test has better power performance than the
LL test. However, even the t-bar test has a rather poor power performance when T = 10.
This is in line with the results obtained for the case of the ADF test applied to a single time
series. Another important feature of the results lies in the fact that the power of the t-bar
test is much more favorably affected by a rise in T than by an equivalent rise in N .

6 Concluding Remarks

In this paper we have developed a computationally simple procedure for testing the unit root
hypothesis in heterogeneous panels. The small sample properties of the proposed tests are
investigated via Monte Carlo methods. It is found that when there are no serial correlations,
the t-bar test performs very well even when T = 10. In this case it is possible to substantially
augment the power of the unit root tests applied to single time series.
The situation is more complicated when the disturbances in the dynamic panel are serially

correlated. The t-bar test procedures now require that both N and T should be sufficiently
large. Furthermore, in the case of serially correlated errors, it is critically important not to
under-estimate the order of the underlying ADF regressions. When we allow for serial cor-
relation and heterogeneity in the underlying data generating process, the simulation results
clearly show that if a large enough order is selected for the underlying ADF regressions,
then the finite sample performances of the t-bar test is reasonably satisfactory and generally
better than that of the LL test.
Since the working paper version of this paper first appeared in 1995, the t-bar test has

been used extensively in the empirical panel literature and its computations are coded in
econometric software packages such as TSP and Stata.16 Special care needs to be exercised
when interpreting the results of the panel unit root tests. Due to the heterogeneous nature of
the alternative hypothesis, H1, as specified by (2.4), rejection of the null hypothesis does not
necessarily imply that the unit root null is rejected for all i, but only that the null hypothesis

16The procedure for performing the t-bar test in TSP is provided by Hall and Mairesse (2001), and for
Stata by Bornhort and Baum (2001).
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is rejected for N1 < N , members of the group such that as N → ∞, N1/N → δ > 0. The
test result does not provide any guidance as to the magnitude of δ, or the identity of the
particular panel members for which the null hypothesis is rejected.
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Table 1: Moments of the Individual t̃iT and tiT Statitics∗

Moments of t̃iT Moments of tiT
T E

¡
t̃T
¢

V ar
¡
t̃T
¢

E (tT ) V ar (tT )
6 -1.125 0.497 -1.520 1.745
7 -1.178 0.506 -1.514 1.414
8 -1.214 0.506 -1.501 1.228
9 -1.244 0.527 -1.501 1.132
10 -1.274 0.521 -1.504 1.069
15 -1.349 0.565 -1.514 0.923
20 -1.395 0.592 -1.522 0.851
25 -1.423 0.609 -1.520 0.809
30 -1.439 0.623 -1.526 0.789
40 -1.463 0.639 -1.523 0.770
50 -1.477 0.656 -1.527 0.760
100 -1.504 0.683 -1.532 0.735
500 -1.526 0.704 -1.531 0.715
1000 -1.526 0.702 -1.529 0.707
∞2 -1.533 0.706 -1.533 0.706

1 Based on 50,000 replications.
2 From Table 4, Model 2 in Nabeya (1999)
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Table 2: Exact Critical Values of the tbarNT Statistic

Panel A: DF regressions containing only intercepts

N\T 5 10 15 20 25 30 40 50 60 70 100
1 percent

5 -3.79 -2.66 -2.54 -2.50 -2.46 -2.44 -2.43 -2.42 -2.42 -2.40 -2.40
7 -3.45 -2.47 -2.38 -2.33 -2.32 -2.31 -2.29 -2.28 -2.28 -2.28 -2.27
10 -3.06 -2.32 -2.24 -2.21 -2.19 -2.18 -2.16 -2.16 -2.16 -2.16 -2.15
15 -2.79 -2.14 -2.10 -2.08 -2.07 -2.05 -2.04 -2.05 -2.04 -2.04 -2.04
20 -2.61 -2.06 -2.02 -2.00 -1.99 -1.99 -1.98 -1.98 -1.98 -1.97 -1.97
25 -2.51 -2.01 -1.97 -1.95 -1.94 -1.94 -1.93 -1.93 -1.93 -1.93 -1.92
50 -2.20 -1.85 -1.83 -1.82 -1.82 -1.82 -1.81 -1.81 -1.81 -1.81 -1.81
100 -2.00 -1.75 -1.74 -1.73 -1.73 -1.73 -1.73 -1.73 -1.73 -1.73 -1.73

5 percent
5 -2.76 -2.28 -2.21 -2.19 -2.18 -2.16 -2.16 -2.15 -2.16 -2.15 -2.15
7 -2.57 -2.17 -2.11 -2.09 -2.08 -2.07 -2.07 -2.06 -2.06 -2.06 -2.05
10 -2.42 -2.06 -2.02 -1.99 -1.99 -1.99 -1.98 -1.98 -1.97 -1.98 -1.97
15 -2.28 -1.95 -1.92 -1.91 -1.90 -1.90 -1.90 -1.89 -1.89 -1.89 -1.89
20 -2.18 -1.89 -1.87 -1.86 -1.85 -1.85 -1.85 -1.85 -1.84 -1.84 -1.84
25 -2.11 -1.85 -1.83 -1.82 -1.82 -1.82 -1.81 -1.81 -1.81 -1.81 -1.81
50 -1.95 -1.75 -1.74 -1.73 -1.73 -1.73 -1.73 -1.73 -1.73 -1.73 -1.73
100 -1.84 -1.68 -1.67 -1.67 -1.67 -1.67 -1.67 -1.67 -1.67 -1.67 -1.67

10 percent
5 -2.38 -2.10 -2.06 -2.04 -2.04 -2.02 -2.02 -2.02 -2.02 -2.02 -2.01
7 -2.27 -2.01 -1.98 -1.96 -1.95 -1.95 -1.95 -1.95 -1.94 -1.95 -1.94
10 -2.17 -1.93 -1.90 -1.89 -1.88 -1.88 -1.88 -1.88 -1.88 -1.88 -1.88
15 -2.06 -1.85 -1.83 -1.82 -1.82 -1.82 -1.81 -1.81 -1.81 -1.81 -1.81
20 -2.00 -1.80 -1.79 -1.78 -1.78 -1.78 -1.78 -1.78 -1.78 -1.77 -1.77
25 -1.96 -1.77 -1.76 -1.75 -1.75 -1.75 -1.75 -1.75 -1.75 -1.75 -1.75
50 -1.85 -1.70 -1.69 -1.69 -1.69 -1.69 -1.68 -1.68 -1.68 -1.68 -1.69
100 -1.77 -1.64 -1.64 -1.64 -1.64 -1.64 -1.64 -1.64 -1.64 -1.64 -1.64
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Table 2: Exact Critical Values of the tbarNT Statistic (continued)

Panel B: DF regressions containing intercepts and linear time trends

N\T 5 10 15 20 25 30 40 50 60 70 100
1 percent

5 -8.12 -3.42 -3.21 -3.13 -3.09 -3.05 -3.03 -3.02 -3.00 -3.00 -2.99
7 -7.36 -3.20 -3.03 -2.97 -2.94 -2.93 -2.90 -2.88 -2.88 -2.87 -2.86
10 -6.44 -3.03 -2.88 -2.84 -2.82 -2.79 -2.78 -2.77 -2.76 -2.75 -2.75
15 -5.72 -2.86 -2.74 -2.71 -2.69 -2.68 -2.67 -2.65 -2.66 -2.65 -2.64
20 -5.54 -2.75 2.67 -2.63 -2.62 -2.61 -2.59 -2.60 -2.59 -2.58 -2.58
25 -5.16 -2.69 -2.61 -2.58 -2.58 -2.56 -2.55 -2.55 -2.55 -2.54 -2.54
50 -4.50 -2.53 -2.48 -2.46 -2.45 -2.45 -2.44 -2.44 -2.44 -2.44 -2.43
100 -4.00 -2.42 -2.39 -2.38 -2.37 -2.37 -2.36 -2.36 -2.36 -2.36 -2.36

5 percent
5 -4.66 -2.98 -2.87 -2.82 -2.80 -2.79 -2.77 -2.76 -2.75 -2.75 -2.75
7 -4.38 -2.85 -2.76 -2.72 -2.70 -2.69 -2.68 -2.67 -2.67 -2.66 -2.66
10 -4.11 -2.74 -2.66 -2.63 -2.62 -2.60 -2.60 -2.59 -2.59 -2.58 -2.58
15 -3.88 -2.63 -2.57 -2.55 -2.53 -2.53 -2.52 -2.52 -2.52 -2.51 -2.51
20 -3.73 -2.56 -2.52 -2.49 -2.48 -2.48 -2.48 -2.47 -2.47 -2.46 -2.46
25 -3.62 -2.52 -2.48 -2.46 -2.45 -2.45 -2.44 -2.44 2.44 -2.44 -2.43
50 -3.35 -2.42 -2.38 -2.38 -2.37 -2.37 -2.36 -2.36 -2.36 -2.36 -2.36
100 -3.13 -2.34 -2.32 -2.32 -2.31 -2.31 -2.31 -2.31 -2.31 -2.31 -2.31

10 percent
5 -3.73 -2.77 -2.70 -2.67 -2.65 -2.64 -2.63 -2.62 -2.63 -2.62 -2.62
7 -3.60 -2.68 -2.62 -2.59 -2.58 -2.57 -2.57 -2.56 -2.56 -2.55 -2.55
10 -3.45 -2.59 -2.54 -2.52 -2.51 -2.51 -2.50 -2.50 -2.50 -2.49 -2.49
15 -3.33 -2.52 -2.47 -2.46 -2.45 -2.45 -2.44 -2.44 -2.44 -2.44 -2.44
20 -3.26 -2.47 -2.44 -2.42 -2.41 -2.41 -2.41 -2.40 -2.40 -2.40 -2.40
25 -3.18 -2.44 -2.40 -2.39 -2.39 -2.38 -2.38 -2.38 -2.38 -2.38 -2.38
50 -3.02 -2.36 -2.33 -2.33 -2.33 -2.32 -2.32 -2.32 -2.32 -2.32 -2.32
100 -2.90 -2.30 -2.29 -2.28 -2.28 -2.28 -2.28 -2.28 -2.28 -2.28 -2.28

Notes: The critical values reported in this table are computed via stochastic simulations with 50,000
replications. The tbarNT statistic defined in (3.14) is the sample average of the t-statistics obtained from
individual DF regressions with and without time trend. The underlying data are generated by yit = yi,t−1+
eit, eit ∼ N (0, 1), t = 1, 2, ..., T , i = 1, 2, ..., N , with yi0 = 0.
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Table 3. Mean and Variance of tT (p, 0) in ADF(p) Regression

p T 10 15 20 25 30 40 50 60 70 100
Without Time Trend

0 mean -1.504 -1.514 -1.522 -1.520 -1.526 -1.523 -1.527 -1.519 -1.524 -1.532
variance 1.069 0.923 0.851 0.809 0.789 0.770 0.760 0.749 0.736 0.735

1 mean -1.488 -1.503 -1.516 -1.514 -1.519 -1.520 -1.524 -1.519 -1.522 -1.530
variance 1.255 1.011 0.915 0.861 0.831 0.803 0.781 0.770 0.753 0.745

2 mean -1.319 -1.387 -1.428 -1.443 -1.460 -1.476 -1.493 -1.490 -1.498 -1.514
variance 1.421 1.078 0.969 0.905 0.865 0.830 0.798 0.789 0.766 0.754

3 mean -1.306 -1.366 -1.413 -1.433 -1.453 -1.471 -1.489 -1.486 -1.495 -1.512
variance 1.759 1.181 1.037 0.952 0.907 0.858 0.819 0.802 0.782 0.761

4 mean -1.171 -1.260 -1.329 -1.363 -1.394 -1.428 -1.454 -1.458 -1.470 -1.495
variance 2.080 1.279 1.097 1.005 0.946 0.886 0.842 0.819 0.801 0.771

5 mean -1.313 -1.351 -1.384 -1.421 -1.451 -1.454 -1.467 -1.494
variance 1.171 1.055 0.980 0.912 0.863 0.839 0.814 0.781

6 mean -1.289 -1.331 -1.380 -1.418 -1.427 -1.444 -1.476
variance 1.114 1.023 0.942 0.886 0.858 0.834 0.795

7 mean -1.273 -1.319 -1.371 -1.411 -1.423 -1.441 -1.474
variance 1.164 1.062 0.968 0.910 0.875 0.851 0.806

8 mean -1.212 -1.266 -1.329 -1.377 -1.393 -1.415 -1.456
variance 1.217 1.105 0.996 0.929 0.896 0.871 0.818

With Time Trend
0 mean -2.166 -2.167 -2.168 -2.167 -2.172 -2.173 -2.176 -2.174 -2.174 -2.177

variance 1.132 0.869 0.763 0.713 0.690 0.655 0.633 0.621 0.610 0.597
1 mean -2.173 -2.169 -2.172 -2.172 -2.173 -2.177 -2.180 -2.178 -2.176 -2.179

variance 1.453 0.975 0.845 0.769 0.734 0.687 0.654 0.641 0.627 0.605
2 mean -1.914 -1.999 -2.047 -2.074 -2.095 -2.120 -2.137 -2.143 -2.146 -2.158

variance 1.627 1.036 0.882 0.796 0.756 0.702 0.661 0.653 0.634 0.613
3 mean -1.922 -1.977 -2.032 -2.065 -2.091 -2.117 -2.137 -2.142 -2.146 -2.158

variance 2.482 1.214 0.983 0.861 0.808 0.735 0.688 0.674 0.650 0.625
4 mean -1.750 -1.823 -1.911 -1.968 -2.009 -2.057 -2.091 -2.103 -2.114 -2.135

variance 3.947 1.332 1.052 0.913 0.845 0.759 0.705 0.685 0.662 0.629
5 mean -1.888 -1.955 -1.998 -2.051 -2.087 -2.101 -2.111 -2.135

variance 1.165 0.991 0.899 0.792 0.730 0.705 0.673 0.638
6 mean -1.868 -1.923 -1.995 -2.042 -2.065 -2.081 -2.113

variance 1.055 0.945 0.828 0.753 0.725 0.689 0.650
7 mean -1.851 -1.912 -1.986 -2.036 -2.063 -2.079 -2.112

variance 1.145 1.009 0.872 0.786 0.747 0.713 0.661
8 mean -1.761 -1.835 -1.925 -1.987 -2.024 -2.046 -2.088

variance 1.208 1.063 0.902 0.808 0.766 0.728 0.670

Notes: The means and variances reported in this table are computed via stochastic simulations with
50,000 replications. The data are generated by ∆yt = et, et ∼ N (0, 1) for t = −p + 1,−p + 2, ..., T ,
with y−p = 0. tT (p, 0) is the t-statistic for testing β = 0 in the ADF(p) regression without time trend:
∆yt = α + βyt−1 +

Pp
j=1 ρj∆yt−j + et, and with time trend: ∆yt = α + δt + βyt−1 +

Pp
j=1 ρj∆yt−j + et,

t = 1, ..., T .
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Table 4: Size and Power of Unit Root Tests in Heterogeneous Panels

Experiment 1: No Serial Correlation, No Time Trend

T = 10 T = 25 T = 50 T = 100
N Test size power size power size power size power
1 DF .089 .095 .069 .091 .058 .151 .053 .351
5 Ztbar .052 .071 .050 .153 .050 .441 .042 .972
10 Ztbar .050 .090 .049 .261 .054 .752 .050 1.00

LL .061 .260 .057 .555 .046 .964
25 Ztbar .052 .141 .048 .549 .050 .992 .054 1.00

LL .064 .532 .054 .925 .053 1.00
50 Ztbar .050 .229 .044 .838 .051 1.00 .050 1.00

LL .070 .809 .065 .998 .062 1.00
100 Ztbar .046 .384 .053 .990 .051 1.00 .046 1.00

LL .084 .983 .068 1.00 .059 1.00

Notes: This table reports the size and power of the t-bar test statistic Ztbar defined by (3.13) and the
Levin and Lin (LL) test, respectively. The underlying data is generated by yit = (1− φ)µi + φyi,t−1 + εit,
i = 1, ..., N , t = −51,−50, ..., T , where we generate µi ∼ N (0, 1) and εit ∼ N

¡
0,σ2i

¢
with σ2i ∼ U [0.5, 1.5].

µi and σ
2
i are generated once and then fixed in all replications. The test statistics are obtained using the DF

regressions: ∆yit = αi+ βiyi,t−1 + εit, t = 1, 2, ..., T , i = 1, 2, ...,N . The size (φ = 1) and power (φ = 0.9) of
the tests are computed at the five percent nominal level. Number of replications is set to 2,000. The result
for N = 1 is reported for comparison, and DF refers to the Dicky-Fuller test. The LL test for T = 10 is not
included, since the adjustment factors necessary for computing the LL statistic are not reported in Levin
and Lin (1993).
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Table 5: Size and Power of Unit Root Tests in Heterogeneous Panels

Experiment 2: AR(1) Errors with ρi ∼ U [0.2, 0.4], No Time Trend

ADF(0) ADF(1) ADF(2) ADF(3) ADF(4)
T N Test size power size power size power size power size power
10 10 Wtbar .010 .010 .060 .110 .067 .108 .073 .110 .065 .095

25 Wtbar .002 .003 .046 .133 .066 .136 .067 .163 .075 .151
50 Wtbar .000 .001 .046 .213 .061 .211 .066 .238 .074 .217
100 Wtbar .000 .000 .044 .343 .055 .333 .062 .372 .069 .337

25 10 Wtbar .005 .004 .046 .241 .043 .207 .042 .185 .053 .175
LL .015 .004 .067 .224 .043 .088 .038 .061 .029 .021

25 Wtbar .000 .000 .056 .483 .058 .431 .051 .384 .054 .339
LL .006 .001 .081 .464 .043 .155 .035 .081 .017 .008

50 Wtbar .000 .000 .050 .758 .049 .691 .045 .633 .042 .559
LL .002 .001 .093 .722 .030 .258 .021 .101 .008 .006

100 Wtbar .000 .000 .052 .959 .054 .922 .046 .892 .057 .845
LL .000 .000 .113 .930 .019 .398 .008 .129 .002 .002

50 10 Wtbar .003 .018 .051 .672 .045 .579 .044 .545 .046 .486
LL .011 .002 .062 .379 .046 .174 .037 .087 .029 .017

25 Wtbar .000 .015 .064 .972 .055 .941 .046 .917 .048 .878
LL .002 .001 .084 .778 .052 .451 .043 .203 .026 .026

50 Wtbar .000 .021 .060 1.00 .049 .999 .054 .998 .057 .993
LL .000 .000 .085 .977 .047 .740 .039 .397 .020 .035

100 Wtbar .000 .015 .063 1.00 .042 1.00 .048 1.00 .051 1.00
LL .000 .000 .095 1.00 .042 .963 .033 .685 .012 .058

Notes: The results in this table are computed using the same data generating process as in Table 4 except
that εit’s now follow the AR(1) processes: εit = ρiεi,t−1+ eit, t = 1, ..., T , i = 1, ...,N , where eit ∼ N

¡
0,σ2i

¢
and ρi ∼ U [0.2, 0.4]. ρi’s are generated once and then fixed in all replications. The reported size and power
of the tests are based on the individual ADF regressions: ∆yit = αi + βiyi,t−1 +

Pp
j=1 ρij∆yi,t−j + eit,

t = 1, ..., T , i = 1, ...,N . The test statistic Wtbar is defined in (4.10). See also the notes to Table 4.
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Table 6: Size and Power of Unit Root Tests in Heterogeneous Panels

Experiment 3: MA(1) Errors with ψi ∼ U [−0.4,−0.2], No Time Trend

ADF(0) ADF(1) ADF(2) ADF(3) ADF(4)
T N Test size power size power size power size power size power
10 10 Wtbar .522 .714 .099 .195 .051 .086 .043 .074 .043 .066

25 Wtbar .696 .904 .120 .281 .065 .145 .043 .110 .042 .090
50 Wtbar .945 .998 .166 .483 .070 .237 .047 .151 .041 .124
100 Wtbar .999 1.00 .265 .776 .088 .415 .044 .291 .040 .186

25 10 Wtbar .810 .998 .186 .618 .076 .310 .050 .213 .047 .188
LL .787 .995 .103 .391 .020 .044 .013 .015 .007 .002

25 Wtbar .926 1.00 .179 .853 .078 .574 .048 .451 .045 .379
LL .899 1.00 .100 .601 .018 .067 .009 .019 .004 .001

50 Wtbar .999 1.00 .335 .995 .096 .876 .048 .742 .042 .645
LL .999 1.00 .141 .894 .009 .090 .004 .009 .000 .000

100 Wtbar 1.00 1.00 .531 1.00 .124 .997 .058 .963 .048 .908
LL 1.00 1.00 .203 .994 .002 .117 .001 .004 .000 .000

50 10 Wtbar .892 1.00 .213 .978 .072 .829 .046 .682 .038 .579
LL .867 1.00 .114 .774 .029 .133 .018 .031 .013 .003

25 Wtbar .964 1.00 .215 1.00 .073 .995 .053 .973 .046 .941
LL .940 1.00 .094 .971 .018 .353 .011 .086 .005 .004

50 Wtbar 1.00 1.00 .426 1.00 .120 1.00 .070 1.00 .055 .999
LL .999 1.00 .172 1.00 .021 .639 .006 .129 .001 .005

100 Wtbar 1.00 1.00 .663 1.00 .150 1.00 .070 1.00 .060 1.00
LL 1.00 1.00 .281 1.00 .008 .908 .002 .199 .000 .001

Notes: The results in this table are computed using the same data generation process as in Table 4 except
that εit’s now follow the MA(1) processes, εit = eit+ψiei,t−1, t = 1, ..., T , i = 1, ..., N, where eit ∼ N

¡
0,σ2i

¢
and ψi ∼ U [−0.4,−0.2]. ψi’s are generated once and then fixed in all replications. See also the notes to
Tables 4 and 5.

[22]



Table 7: Size and Power of Unit Root Tests in Heterogeneous Panels

Experiment 4: Time Trend, AR(1) Errors with ρi ∼ U [0.2, 0.4]

ADF(0) ADF(1) ADF(2) ADF(3) ADF(4)
T N Test size power size power size power size power size power
10 10 Wtbar .000 .000 .055 .069 .058 .057 .065 .065 .054 .058

25 Wtbar .000 .000 .044 .065 .053 .065 .056 .076 .066 .077
50 Wtbar .000 .000 .054 .067 .064 .083 .086 .096 .075 .096
100 Wtbar .000 .000 .058 .077 .050 .077 .080 .103 .092 .103

25 10 Wtbar .000 .000 .051 .093 .052 .085 .056 .084 .057 .084
LL .095 .111 .045 .088 .011 .015 .005 .007 .000 .000

25 Wtbar .000 .000 .051 .123 .053 .106 .057 .098 .055 .093
LL .095 .205 .030 .104 .003 .007 .000 .000 .000 .000

50 Wtbar .000 .000 .057 .203 .056 .165 .053 .136 .058 .139
LL .071 .229 .024 .158 .000 .004 .000 .000 .000 .000

100 Wtbar .000 .000 .053 .315 .049 .246 .038 .209 .058 .225
LL .046 .200 .017 .212 .000 .000 .000 .000 .000 .000

50 10 Wtbar .000 .000 .052 .257 .054 .234 .054 .205 .052 .181
LL .129 .129 .043 .239 .011 .075 .006 .030 .002 .004

25 Wtbar .000 .000 .052 .488 .064 .442 .058 .379 .049 .312
LL .119 .316 .040 .420 .007 .102 .002 .018 .000 .000

50 Wtbar .000 .000 .055 .786 .055 .716 .054 .648 .049 .550
LL .114 .430 .036 .685 .003 .138 .000 .008 .000 .000

100 Wtbar .000 .000 .048 .964 .063 .937 .054 .888 .043 .806
LL .087 .435 .015 .925 .000 .204 .000 .007 .000 .000

Notes: The results in this table are computed using the same data generating process as in Table 5. But,
the reported size and power of the tests are now based on the individual ADF regressions with time trend
included: ∆yit = αi + δit+ βiyi,t−1 +

Pp
j=1 ρij∆yi,t−j + eit, t = 1, ..., T , i = 1, ..., N . See also the notes to

Tables 4 and 5.
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