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Abstract

This paper derives the asymptotic distribution of the unit root test sta-
tistic when more moment conditions than the least squares moment con-
ditions are used, and shows that the same asymptotic efficiency is reached
through computationally simple residual augmented least squares (RALS)
estimator proposed by Im and Schmidt (1999). Following Monte Carlo
simulation, the small sample size of the RALS-based unit root tests is
quite close to the asymptotic size; the power improves over the standard
Dickey-Fuller test when the error is not normal, and is compared favorably
to the other unit root tests that are designed to be more powerful than the
Dickey-Fuller test for non-normal errors.
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1. Introduction

The most widely used test of the unit root hypothesis is the augmented Dickey-
Fuller (ADF) test. ADF is based on least squares, and therefore has desirable
properties when the time series is driven by normal variables. However, there
would be more powerful tests than ADF when the innovations do not follow
normal distribution. Several authors have investigated this possibility: Cox and
Llatas (1991) studied the asymptotic distribution of the maximum likelihood
estimators (MLE) in Dickey-Fuller regression assuming the true error density
is known. Lucas (1995) derived the asymptotic distribution of the unit root
statistics based on M-estimate. Herce (1996) studied the least absolute deviation-
based unit root tests. Hasan and Koenker (1997) proposed rank tests. Shin and
So (1999) and Beelders (1996) studied the unit root tests based on the adaptive
estimation. According to the simulation results reported by these authors, the
power of unit root test could be substantially improved over the Dickey-Fuller
test when the data series are driven by non-normal errors.

In this paper we follow the framework of generalized methods of moments
(GMM) to investigate possibly more powerful tests obtained from using moment
conditions beyond those used in least squares. The asymptotic distribution of
the GMM-based unit root test is derived directly from the results obtained by
Lucas (1995) and Hansen(1995).

We also show that the estimator obtained from simple two step least squares
procedure, proposed and referred to as residual augmented least squares (RALS)
by Im and Schmidt (1999), is asymptotically identical to the asymptotic distri-
bution of GMM under unit root environment. This is an extension of Im and
Schmidt (1999), where they showed that RALS is asymptotically identical to
GMM under iid environment.

According to our simulation results, the small sample size of the RALS-based
unit root tests is quite close to the asymptotic size. The power generally improves
over ADF when the errors are not normal, and is compared favorably to the other
tests that are designed to be more powerful than ADF for non-normal errors such
as the tests based on adaptive estimate or M-estimate.

2. Asymptotic Distribution of GMM Unit Root Statistics

In this section we derive the asymptotic distributions of GMM estimators re-

sulting from least squares moments and some additional moment restrictions are

used. We also derive the asymptotic distributions of their associated t-statistics.
Consider a time series that follows:

Ye = QY1 +e, t=1,2, ... (2.1)

where {¢,},7, is a sequence of innovations. We are interested in the test of unit



root hypothesis Hy : ¢ = 1 against the alternative hypothesis H4 : ¢ < 1. We
assume:

Assumption 1. ¢, = 77 aje;j + e, t = 1,2,..., where {e;};”, is an iid se-
quence with zero mean and finite second moment o2, and all the roots of
a(z) =1—37"_, a;2’ lie outside of unit circle.

If Assumption 1 is met and yo = 0, an appropriate model is ADF:

p
Aye =B+ Y 60y j+e, t=12,..., (2.2)

Jj=1

where Ay, =y — 31 and 3 = ¢ — 1. Let 3 s be the least squares estimator of
B in regression (2.2), and t1s be its associate t-statistic. Then, it is well known,
under the null hypothesis,

T3, = a(l) ( /0 1 (W (7)) dr) h /0 1 W (r)dW (r), (2.3)
and
ts = ( /0 I[W(r)]2dr) o /0 W)W () = DF (2.4)

where a(1) =1-37%_,
r € [0,1].

Let §, = (Ayt—hAyt—%---aAyt—p),a and z; = (yt—lygg),' Suppose we have
J x (p+ 1) additional moment conditions:

aj, and W (r) denotes the standard Brownian motion on

Elgle) ® 2] =0, t=1,2,..., (2.5)
where g(e;) is J x 1 vector that satisfies:

Assumption 2. ¢(-) is differentiable and satisfies the first-order Lipshitz condi-
tion: ‘g; (z) — g (y)| < M |z — y| for some constant M for all j, where g;(-)
is the j-th element of ¢g(-). E [g(e:)] = 0, the second moment of g(e;) exists,
and E [¢'(e;)] < o0.

Define C' = E[g(es)g(e;)'] and D = E[¢'(e;)], and ¥ (e;) = D'C~1g(ey), for
t =1,2,.... Also define the correlation between e, and (e;) by

O e
p=— (2.6)

Oy0e

where o7, = Var[{(e))] = Var[D'C'g(e,)] = D'C7'D, oye = E[h(e)e;] =
DC'E[g(er)ed] -



Theorem 1. Suppose a time series follows (2.1), and Assumptions 1 and 2 are
satisfied. Under the null hypothesis, we have, for, 5., GMM estimator
using the moments conditions (2.5) in the ADF regression (2.2);

T3, = AU (/01 [Wl(r)]er)_l /01 Wi (r)dWs. (2.7)

Oe0q)

Also, for its t-statistic obtained by tg = B/se(fg), where

-1

3 T T T -1
se(Bg) =" E}%—Z%ﬁ«Z&g PIRATEEE
t=1 t=1 t=1 t=1

53 = DC'D, D =T" Zthl Jg@), C =171 ZtT:lg(ét)g(ét)’, and €, is
the residual from GMM estimation in the regression (2.2), we then have

tg = pDF +\/1— p2N(0, 1), (2.8)

where p is defined in (2.6), DF denotes the Dickey-Fuller distribution as
was defined in (2.4), and N(0, 1) signifies the standard normal distribution.

proof. See Appendix.

In case when an intercept is allowed in the regression (2.2);
p
Ay, =y + By—1 + ZéjAyt—j te, t=1,2,.., (2.9)
j=1

we have the additional moment conditions E [g(e;) ® (1, 2)’] = 0. In view of the
expression for 5 estimator in (A.9) of Appendix, we will have the GMM estimator

T -1 T
Z%J«WMZﬁJZHZ%M@HN%
t=1

t=1

where §; 1 =y — T ! 23:1 yi—1, t = 1,2, .... Consequently,
~ a(l) [ e 2
TBoy = ——= [ WirdWa(r)/ | [Wa@)| dr, (2.10)
O40e Jo 0

where Wi(r) is the demeaned Brownian motion; Wi (r) = Wi (r) — fol Wi (r)dr.
Also by construction

tgu = pDF, ++/1—p>N(0,1),
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where DF), denotes the limiting distribution of the t-statistic of the least squares
in regression (2.9).

Similarly, when the model includes a linear time trend as well as an intercept
we have the model:

P
Aye=or+ oot +Bya + > 8500 +e, t=1,2,..., (2.11)
j=1
and will have for GMM estimator:

a

TBg, = (2 /O 1 Wi (r)dWa(r)/ /O 1 [I/T/l(r)rdr, (2.12)

Ty
where W (r) is the detrended Brownian motion. Also,
tar = pDF, + /1 — p2N(0,1), (2.13)

where DF, denotes the limiting distribution of the t-statistic for the OLS esti-
mator of § in regression (2.11).

Remark 1. Asymptotic distribution of ¢t depends on the nuisance parameter
p. Hansen (1995) reports the critical values of the asymptotic distribution
of the t-statistics for p?> = 0.1 to 1.0 at step of 0.1.

3. RALS Estimation

Consider the model (2.9), the ADF model with an intercept. Suppose g (e;) =
(er, [h(er) — K]')/ .Let 2y = (1, z})". Then, we have the moment conditions; E [g (e;) ® z;] =
0, which we split into the least squares moment conditions;

E(e;®@x) =0 (3.1)

and additional 2(J — 1) moment conditions;

Therefore, we have
_ oz Cy 11
C= l Cot Chs | and D = D, | (3.3)

where Cy = F [e;h(e;)], Coa = E'[h(ey)h(e;)'], and Dy = E [B ()] .
Let ) )
ﬁ)t - h(ét> - K - ét_Dg, t= ]_7 2, ceey (34)



where &, is the OLS residual from the regression (2.9), K = * S h(é), Dy =
T ZL h'(é;). The RALS is the least squares in the regression:

P
Ay = oy + Bys—1 + Z(S]Ayt,j + Wy 4+, t=1,2,... (3.5)

Jj=1

We show in the following that the RALS estimator is asymptotically identical to
the GMM estimator using the moment conditions (3.1) and (3.2).

Theorem 2. Consider a time series described in (2.1) with ¢ = 1. Under As-
sumptions 1 and 2, the RALS estimator of 3, obtained by least squares in
the regression (3.5), is asymptotically identical to the GMM estimator us-
ing the moment conditions (3.1) and (3.2). Also, the limiting distributions
of the t-statistics are the same.

proof. See Appendix.

When there is a linear time trend included in the regression, we have

p
Ay, = oy + aot + By,_1 + Z 8 Ay +wyy +my, t=1,2,.... (3.6)

J=1

By construction, we will obtain the same results as those in (2.12) and (2.13) for
estimator of § and for its t-statistic.
We provide some guidance on how to apply RALS in practice:

e p? is estimated by

p2 - &A/6-27

where 62 is the usual error variance estimator in standard ADF regression,
and 6% is the error variance estimator in RALS regression. See the proof of
Theorem 2 [equations (A.16) and (A.19)]. Based on this value of p*, critical

values are found in Hansen (1995).

e When the sample size is small (e.g. 7" < 50), impose the restriction of 5 =0
in the first step regression that yields the residuals for augmented variables
w;. According to our simulation experience, this procedure improves the size
property of the test significantly with only minimal effects on the power.
When the sample is relatively big (e.g., T = 100), this effect, however,
disappears quickly.



4. Simulation Results

In this section we investigate the small sample property of the unit root tests
based on RALS. As was noted above, we use the critical values reported by Hansen
(1995) for RALS, and impose the restriction § = 0 when we construct the aug-
mented variable. For example, suppose we have a regression model: Ay; = a +
Bye 1+ 01 8jAy;j+er, t = 1,2, ... In the first step, we estimate a and ¢'s im-
posing 3 = 0, so from the regression Kyt =a+y 7, 6;Ay;_;, then construct the
augmented variable w, as a function of the residuals; é; = Ay, —&—21;:1 5 Ay ;.
Then, in the second step, t-statistic is computed following the usual standard rou-
tine from the RALS regression: Ay, = & + Byt_l + Z];:l SjAyt_j + YWy + Uy

We include two RALS estimators, RALS(2&3) and RALS(t5), in our Monte
Carlo study. First, RALS(2&3) imposes additional moment conditions that the
second and third moments of the errors are not correlated with the lagged de-
pendent variables. Therefore, h(é;) = [¢2,é3]. Letting m; = T~/ &, for
Jj = 2,3, we have for RALS(2&3);

Wy = [é?—mg, éf—m3—3m2§t}', t= 1,27“'_ (41)

The moment condition E [(e7 — 02) y;—1] = 0 is the condition of no heteroskedas-
ticity, and improves the efficiency of § estimator when the errors are not sym-
metric, and the restriction on the third moments conditional y;_; improves the
efficiency unless p1, = 30*. See Im and Schmidt (1999) for details.

Second, RALS(t5) imposes the restrictions that arise from the score of the
maximum likelihood estimation when the error density is assumed to be the t-
distribution with 5 degrees of freedom. Assumption of student-t error density is
a widely accepted strategy in M-estimate, and known to lead to more efficient
estimation than OLS when the true density has fat-tails. Because RALS(t5) also
uses the least squares restrictions, the RALS(t5) would be as efficient as least
squares when the error is normally distributed, and is more efficient when the
density of the errors have fat-tails. In this case, we have h(e;) = (¢ + 1) e;/(c+e?),
80 Dy = (c+ 1) (c — €2) /(c+ €})?, where ¢ = 5. Therefore,

T T
6y 1 66 1 ~6(-¢)
_ 21 et 4.2
T hre th_l:5+é§ etT;(5+é§)2 (4.2)

There is no compelling reason behind of choosing ¢ = 5. But, it seems that
the tests are quite robust to the selection of ¢ values. For example, following
our unreported simulations, the empirical size and power of the tests are almost
identical when we use ¢ = 3.

We report the rejection ratio at a = 0.05 when ¢ = 1 to see the size property,
and ¢ = 0.9 to examine the power. We simulated the sample cases T' = 50 and
100. All the results are based on 5,000 replications.
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Table 1 reports the results for the basic case when the errors, &, in (2.1),
are serially independent, and p, the number of ADF augmentation in the regres-
sion, is set to zero. We compare RALS(2&3) and RALS(t5) to DF, AD and M5,
where DF denotes the standard Dickey-Fuller test based on OLS, AD denotes the
test based on adaptive estimation studied by Shin and So (1999) and Beelders
(1996), and M5 signifies the test based on M-estimate assuming the true density
is student-t with 5 degrees of freedom, which was studied by Lucas (1995). The
figures for AD and M5 have been reproduced from Shin and So (1999). We repli-
cated the four distributions simulated by Shin and So (1999): (i) standard normal,
(ii) t-distribution with df = 3, (iii) mixture normal; 0.5N(-3,1)4+0.5N(3,1), (iv)
chi-square with df = 1.

Asis seen in Table 1, the sizes of the tests based on RALS(2&3) and RALS(t5)
are quite close to the nominal 5% throughout, and the power gain over the stan-
dard DF test is substantial when the errors are not normal. The overall power
of RALS(2&3) and RALS(t5) is compared favorably to the power of AD or M5.
The performance of RALS(t5) and M5 are similar when the true density is the
student-t with 3 degrees of freedom, but RALS(t5) is better when the density is
mixture normal. When the true density is chi-square distribution with one degree
of freedom, RALS(2&3), which explicitly uses the moment condition that is useful
when the error is not symmetric, dominates the other tests. The AD-based test
does not seem to capture the possible efficiency gain from non-symmetric feature
of error density. In our simulated distributions, RALS(t5) is marginally better
than RALS(2&3) when the density is symmetric. However, as we can see for
the case when the density is chi-square with one degree of freedom, RALS(2&3)
is generally better than RALS (t5) when the error density is skewed, and the
difference often is quite substantial.

In Tables 2-5, we compare the performance of the tests when the errors
are serially correlated. In doing so, we compare only of the three tests; ADF,
RALS(2&3) and RALS(t5) in two data generation processes:

AR : Et — O.5€t,1 + €¢, t= 1, 2, ceey

and
MA : Et = € — 0.5€t_1, t= 1,2,

We report the size and power for fixed ADF augmentation at p = 2 and p = 4
when T" = 50, and p = 3 and p = 6 when T" = 100 as well as when p is
selected by information criterion. We simulated Akaike and Schwarz criteria,
but report only the results from Schwarz criterion. The results from Akaike
criterion were similar. The minimum and maximum value of p are set 2 and
4 when T' = 50, and 3 and 6 when 7" = 100. We consider the case when the
errors are generated from standard normal, Cauchy, student-t distribution with
2 degrees of freedom, double exponential, chi-square distribution with 4 degrees
of freedom, and beta(2,2) distribution. Cauchy and the t-distribution with 2
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degrees of freedom do not satisfy the Assumptions 1 and 2, so that we do not
know the asymptotic distributions of the statistics in this case. However, it is
interesting to see the performance of the tests in this situation.

Table 2 reports the size and power of the tests for AR(1) errors when time
trend is not included in ADF regressions, and Table 3 contains the case when
a linear time trend is allowed. Sizes of all of the three tests reported both in
Tables 2 and 3 are close to the 5% nominal size in general even when the errors
are generated from Cauchy or t-distribution with two degrees of freedom. Only
exception is RALS(t5). The empirical size of RALS(t5)-based test is 10-12%
when the errors are from Cauchy and a time trend is allowed in the ADF regres-
sion. This result is somehow puzzling, especially because the empirical size of
RALS(t5)-based test size is close to the nominal size when there is no time trend
included in the regression.

The power difference between the two tests based on OLS and RALS is the
greatest when the errors are generated from Cauchy. Also, as we observed in
Table 1, RALS(t5) is more powerful than RALS(2&3) for all the symmetric dis-
tributions. However, RALS(2&3) is in general powerful when the errors are
asymmetric. Especially, it is seen that the power of RALS(t5)-based test is lower
than that of OLS-based tests when the error is chi-square 4 degrees of freedom:
the power of RALS(2&3) is 52% while the power of RALS(t5) is 15% in Table 3
when a time trend is included, 7' = 100 and p = 3.

Tables 4 and 5 contain the results when the errors follow MA(1). When p is
decided by Schwarz criterion, all the tests tend to over-reject the null hypothesis.
But, when p is fixed at 4 for T" = 50, and at p = 6 for T" = 100, the size of the tests
are quite close to the 5% nominal size, except when the density is Cauchy and
the regression includes time trend. But, the overall size of RALS(2&3) seems
as robust as the size of the standard ADF test. For the power of the tests,
we observe a similar pattern as the case of AR(1) errors. RALS-based tests
are substantially more powerful than OLS-based ADF tests, and RALS(2&3) is
compared favorably to RALS(t5).

5. Concluding Remarks

In this paper we investigate the asymptotic distribution of GMM estimators and
a simple RALS procedure of obtaining the GMM estimators. Size and power
property of RALS unit root tests is investigated through simulation study. An
obvious advantage of RALS over the other robust estimation procedures is in
its computational simplicity. Also it turns out that the small sample size and
power property of the RALS-based tests are compared favorably to the other
available tests that are more powerful than ADF when the time series is driven
by non-normal errors.



A. Appendix

Lemma Al. z = (y;_1,&,) as was defined before equation (2.5), and C' and D
are defined in (3.3). Let (p + 1) X (p+1) matrix Yo = diag (T, VT, ..., \/T) .
Then, we have, under Assumptions 1 and 2, and under the null hypothesis,

T
Z [d'(e)) ® Y'Y = D® /zz', (A1)
=1

T
Zg(et)g(et)'ééT;lztzzT}l = C’®/zz', (A.2)

t=1

where [ 22/ = diag (a(l)_Qag fol Wy (r)) dr, E (&f;)) . Also

7T [ War)dWa(r)
F )

(A.3)
where [W;(r), Wa(r)]" is a bivariate Brownian motion with correlation p,
and I' is p X p multivariate normal variable with the covariance matrix

‘712/;E (ftff&) :
proof. Lucas (1995, Lemma 1 in Appendix). Also see Hansen (1995, Lemma)).

- -1 T ZZ: V()Y
t—zlw(et)TT T { T2 Ztil P(er)é; ] -

Lemma A2. p is defined in equation (2.6). Then,

p=— (A4)

OOy

Also,

= O-z_(021 - O'zDg), (022 + O'gDQDIQ - CngIQ - DQCél)_l (021 - O'zDg) .
(A.5)

1
—
Ty

proof. The first result follows from a routine matrix algebra using partitioned
inverse lemma. For the second result, we have, after a straightforward
algebra,
_ _ ~1
(D,O_ID) ! = O'g (1 + (021 - O-EDQ)/ (0'3022 - C’glCél) ! (021 - Ung)) y

which however is the same as 1/07, from Amemiya (1985, p461, Lemma 20).
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PROOF OF THEOREM 1: We note the entire proof follows immediately
from Lucas (1995, Theorem 1) since GMM estimator is obtained by solving the
score 3.1 [DCg(e)z] = 3.1, [#(e)z] = 0, and this score could be thought
as that of M-estimation. But, we provide more details. Let 6 = (3,61, 82, ..., 6,) .
GMM estimator is obtained by solving the problem

mlnz (e) ® z]' Z (er) @ z], (A.6)

where A = (Zthl g(é)g(ér) @ ztz,§> , and é, is residual from an initial consistent

estimator of . Taking derivative with respect to 6, we obtain the score:

Z (&) ®ztzt 12 (61) ® 2] =0, (A7)

t=1

where €; = Ay;— th and 6 is the GMM estimator. Note that Y7 = diag (T VT, ..., \/T) .

Taylor expansion of the term > [g(&) ® 2] with respect to the true distur-
bance e; and premultiplication of I; @ T;! yield

> [9(é) @ T3tz (A.8)

t=1

T
Z [ e) @ Yotz — g'(er) @ Yotz Y Tp <é — «9)] + 0, (1).
=1
Solving (A.7) with respect to Tr (é - 0) , after substituting (A.8) into (A.7), we
obtain:

Tr(0—0) = (A.9)

-1
-1 7

Z (er) ® Yo ztthT}

t=1

T
> lg@) @itz D ge)gle) © Yotz X!

t=1

Z (er) @ Yr'ze] g + 0p(1).

t=1

and

Z {[Q(ét)g(ét)/ —g(er)g(er)] ® T51ZtZ£T51} =0, (1),
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we have, from Lemma Al,

T3, = W <jgwmn(rﬂ%ﬁ)ljglmqoqdm@@a, (A.10)

where [Wy(r), Wa(r)] is the bivariate Brownian motion with correlation p. We
have for the t-statistic;

m:(ﬁmmmo

which is a mixture of Dickey-Fuller and standard normal described in (2.8). To
see this, note that

—-1/2

/01 Wi (r)dWs(r), (A.11)

T_1/2[§ { w(e;t> ] = { ngmlz ((:)) } , (A.12)

where [rT| denotes the integer part of rT. Therefore,

Wy (r) = pWy (r) + /1 — p?W5(r), (A.13)

where W3 (r) is independent of Wi (r). The result follows if we note that

([ i ae)

is standard normal.

—-1/2

/01 Wi (r)dWs(r)

PROOF OF THEOREM 2: Define a variable as a function of true distur-
bances:

Wy = h(et) — K — eth, t= 1, 2,

wy are not observable, but we momentarily assume that they are observed. Then
we show that the augmentation of w,; or w; yields the asymptotically same esti-
mator of T'G. Consider a regression:

P
Ay, = a1 + PBy1 + Z(SjAyt,j +wiy +ug, t=1,2, . (A.14)

=1

Therefore,
e =wyy+u, t=1,2,... (A.15)

Let BZ be the least squares estimator of 3 from regression (A.14), 02 = Var(v;),

and
o _ v

A:

(A.16)

)
UeUU O-e
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where 0., = E(g,v;). The second equality of (A.16) follows since w; and v, are
not correlated, so that o, = o2. From Hansen (1995, Theorem 2 and 3), we have

Oy

T8, = % ( /0 1 [W4(r)]2> B /0 WL ()W (1), (A.17)

Oec
and for the t-statistic
th = ADF, +v1—)N(0,1), (A.18)

where [Wy(r), Ws(r)]’ is the bivariate Brownian motion with the correlation A.
Next, we will show that

p=A (A.19)
Note v = E(w,w;) ' E(we;), so we have
02 = a2 — E(e,w)) E(wyw}) " E(wyey). (A.20)

1A1SO7 E(wtet) = Cgl — O'zDg and E(wth) = 022 + O-E:DQDIQ — Cngé — DQOél.
Therefore,

0'12) == U?a — (021 — O'gDQ)/ (022 —+ O'EDQDQ — Cng/Q — DQC&I)_I (021 — O'gDQ) y

which is, from Lemma A1, 1/073,. Therefore, p = \.
Now we let 3, be the OLS estimator of 3 in the regression (3.5). Proof
is complete if we show that 73, and Tﬂz are identical asymptotically. Let

~ ~ !/ ~
¢, = (gi, w;) , where &, = & — 7' "7 ¢,. Then we have;

T (Zf_l Jorec— S et (S0,08) T S &tet)
T2 (23:1 Ty = Y G (Z?:l Ztil) B > Ct?jtl>

T3, =

Y

Since T-' S 0,€} = 0,(1), and T~ 37 €6, = 0,(1), we have:

-1
T Sy Gerer — Yoy Gy (g b)) Yoy )
=1 Yt—1€¢ t=1 Yt—1Wy 1—1 WtWy =1 W€t

TBA = + 0p(1)-
T2 (Z?:l th—l)
Similarly,
—1
. T (23:1 Yr—1€r — Zthl Ye—1w0; (Zthl wtwg) Zthl wget)
TﬁA = + Op(l)’

T2 <Z;F:1 th—l)

13



Tj, and T3, are asymptotically identical if 7~ > U1 (W — wy) = 0, (1) . How-
ever,

™ Zyt 1y =17 Zyt 1 [ (& — &)l (1) —étﬁg} + 0,(1)
Therefore,
T G (i = wy) (A.21)
= TG [ - et () G- e)Da — 2 (Do = Do)] +0,(1)

But,

T Y (= el (@) = T(B=8)T7 Y G () + 0,(1)(A22)
TN Gia(e—e)Dy = DoT ( ) 2Nt (1), (A23)

and

YA ([)2 - Dg) = 0,(1). (A.24)

Two terms (A.22) and (A.23) cancel each other in the limit in (A.21), so the
proof is complete.
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