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Abstract A universal existence theorem is established that yields exhaustive and
constraint-free comparative statics information for a general, differentiable opti-
mization problem in the preferred form of a semidefinite matrix. It subsumes all
comparative statics formulations of differentiable optimization problems. Its rela-
tionship to comparative statics methods extant is established.
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JEL Classification Numbers C600 - C610 - C650

1 Introduction

All differentiable comparative statics information stemming from the underlying
optimization hypothesis originates from the semidefinite nature of the Hessian
matrix of the Lagrangian function with respect to the decision variables at the opti-
mum point. Given a differentiable constrained optimization problem, then, there
arises the question of whether there exists a universal construction that yields the
corresponding comparative statics information exhaustively, i.e., from which any
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other comparative statics matrix can be derived. The answer is affirmative, as we
will show.

Specifically, we shall construct a semidefinite comparative statics matrix with-
out any recourse to the geometry of the parameter space or to generalized com-
pensated derivatives, in contrast to Partovi and Caputo (2006). The present con-
struction, therefore, is almost entirely anchored in decision space, and achieves its
results by relying on intrinsic, projective techniques to fully embody the semidefi-
niteness information contained in the constrained Hessian matrix of the underlying
Lagrangian function. The result is a constraint-free exhaustive comparative statics
matrix, that is to say, a semidefinite matrix which is linear in the partial derivatives
of the decision functions with respect to the parameters. We shall refer to this matrix
as the universal comparative statics matrix (hereafter the universal CSM). Because
the universal CSM fully represents the underlying semidefiniteness information, it
is expected to subsume any other CSM for the optimization problem which uses
the same parameter set. This expectation is indeed born out for the existing meth-
odologies as will be established in Section 3. Not surprisingly, the universal CSM
is not as convenient to construct or apply, nor is it as intuitive to interpret, as is the
CSM constructed by the method of generalized compensated derivatives utilized
in Partovi and Caputo (2006). Nonetheless, from a theoretical point of view the
existence theorem for the universal CSM established below is a more fundamental
result than the comparative statics theorems of Silberberg (1974, Eq. (10)) , Hatta
(1980, Theorems 6 and 7), and Partovi and Caputo (2006, Theorem 1), insofar as
it provides a constructive proof for the existence of a constraint-free, exhaustive
CSM for a generic differentiable optimization problem.

Because of the prominent role played by projection matrices in the proof of
our existence theorem, we pause to briefly present some of their essential proper-
ties in the ensuing section. This strategy has the desirable effects of rendering the
paper self-contained and increasing its accessibility. The section then culminates
in a technical lemma that plays a crucial role in the proof of the aforementioned
existence theorem.

2 Background material and a preliminary technical result
The class of constrained optimization problems under consideration is given by

m%({f(x,a) st. gf(x,a)=0, k=1,2,... K}, (1)

Xe

where f(-) € C? and g"(-) € C® onD xP®P" C RM x RN fork =1,2,..., K,
and M, N > K. We refer to D as the decision space and P°P°" as the parameter
space in what follows. To avoid trivialities, we assume that the standard constraint
qualification condition holds at the optimum point, i.e., the rank of the K x M
Jacobian matrix dg(x, a)/dx is equal to K at the critical points of problem (1) for
all a € P°P*", Furthermore, we assume that there exists a unique vector of CV
decision functions x(-), with values defined by

x(a) =) argmax{f(x, a) s.t. gk(x, a)=0, k=1,2,... ,K}, 2)

xeD
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and that x(a) € intD for each value of a € P°**". We denote the corresponding
value of the Lagrange multiplier vector by A (a) € RX. Similarly, we assume that the
set of parameter space normal vectors Vag" (x(a),a),k=1,2,...,K,islinearly
independent, that is to say, the rank of the K x N Jacobian matrix dg(x(a), a)/da
is equal to K for all a € P°P°". By the implicit function theorem, this assumption
implies, for all x(a) € intD and for each value of a € P°P", that the normal
hyperplane in parameter space, N' (a), is of dimension K, i.e., dim[N¥(a)] = K,
and that its orthogonal complement TF (a), the tangent hyperplane, is of dimension
N — K, ie., dim[TP(a)] = N — K. We also define the value of the Lagrangian
function L(-) as

K
Lixha) S fxa)+ ) aghx a). 3)
k=1

We note in passing that the above set of assumptions is redundant. For example,
the linear independence of the set of vectors V3g*(x(a), a) implies the same for
the set of vectors V¥g* (x(a), a), a fact that can be established by a contrapositive

argument.

. . . . . def
Atthis juncture itis convenient to introduce the compact notation g"i (x,a) = %

g(x, a) and gf‘a (x,a) & ()% gk (x, a). This notational convention implies that a
subscript occurring to the rigaht of a comma signifies partial differentiation. More-
over, Latin subscripts are used to denote differentiation with respect to decision
variables, while Greek indices are used to denote differentiation with respect to
parameters. Furthermore, the symbol “{” is used to denote transposition.

Let us now turn to a few basic properties of projection matrices. First, re-
call that the set of K normal vectors in decision space, namely the gradient
vectors V"gk (x(a),a),k = 1,2,..., K, is linearly independent by the afore-
mentioned prototype constraint qualification assumption imposed on problem (1).

Equivalently, by Theorem 4G of Strang (1993), the K x K matrix defined by

['(a) & G(a)TG(a), with elements [y (a) & > gk (x(a), a) gf‘i/ (x(a), a), is

symmetric and invertible, where G(a) &f [V¥g! (x(a), a) |[V*g? (x(a), a)

\ - -\V" ¢¥ (x(a), a)] is the M x K matrix whose columns are comprised of the line-
arly independent normal vectors in decision space. By the implicit function theorem
this implies, for all x(a) € int D and for each value of a € P°P*", that the normal
hyperplane in decision space, NP (a),is of dimension K ,i.e., dim[ND (a)] = K,and
its orthogonal complement TP (a), the tangent hyperplane, is of dimension M — K,
thatis, dim[TP (a)] = M — K. Consequently, any decision space vector, say w € D,
possesses a unique orthogonal decomposition given by w = w” 4+ w' correspond-
ing to the above decomposition, where w* € NP(a) and w' € TP(a). Then by
Theorem 2.8 of Hérdle and Simar (2003), there exists a symmetric and idempotent
M x M projection matrix P(a) defined by the formula P(a) «f G(a)l'(a)™! G(a)T,
with entries P;; (a) &f Zle Zf,:l gf‘i(x(a), a)I‘,QJ (a)g!"j/‘ (x(a), a), such that w" =
P(a)w € NP(a), w' = Q(a)w € TP(a), and w''w" = 0, where Q(a) «f [y —
P(a)] and I, is the identity matrix of order M. The geometry associated with



388 M.H. Partovi and M.R. Caputo

projection matrices occurs precisely because P(a) projects onto the column space
of the M x K matrix G(a), the columns of which are the linearly independent
decision space normal vectors V"gk (x(a),a),k=1,2,..., K, which form a ba-
sis for NP(a), the normal hyperplane in decision space. Moreover, Q(a) projects
onto the orthogonal complement of the column space of G(a), namely TP (a), the
tangent hyperplane in decision space.

With these basic properties about projection matrices established, we now turn
to the above mentioned technical result. As will be seen in due course, it plays an
essential role in establishing the central result of this paper.

Lemma 1 The symmetric M x M matrix A(a), whose elements are given by

def
Apw (@) = 300, 30, Qin(@) L ij (x(a), A(@), @) Qju (@), m,m' = 1,2,...,
M, is negative semidefinite.

Proof First observe that the second-order necessary condition of the optimization
problem defined by Eq. (1) is given by

M M
DD vilLij(x(@). M), a)v; <0

i=1 j=1

M
Vvenrt 5> ugh (x@).a)=0k=12... K. 4)
i=1

For any vector w € RY, recall that w* = P(a)w € NP(a) and w' = Q(a)w €
TP(a), which implies that wiwn = 0, as is readily verified. Upon setting v; =
Z,IZI:l Qnm@w,, i = 1,2,..., M, and observing that Q(a)G(a) = 0y«k, it
follows from Eq. (4) that

M M M M

DY wnQin@L i (x(@), Ma), @) Qjr @ wy <0V wW e RY. (5)

i=1 j=1m=1m'=1
Since L(-) € C?, the M x M matrix A(a) is symmetric, where

M M
Aw@ = 303" Quu(@) L (x(a), Aa), 2) Qju (a),

i=1 j=1
m,m =1,2,... , M. (6)

Moreover, by Eq. (5) we may conclude that A(a) is in fact negative semidefinite
since the vector w € M is arbitrary. O

This concludes the discussion of technical preliminaries.

3 The main theorem

The central result of the paper, to wit, the existence of a comprehensive and universal
CSM, may now be stated.
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Theorem 1 The constrained optimization problem defined by Eq . (1) et seq. admits
ofan N x N constraint-free positive semidefinite comparative statics matrix U(a),
the typical element of which is given by

def

M M
U@ = D) x,@Q;@) | L, (x@),Ma), a)

i=1 j=1

—ZL,Z (x(a), A(@), a)ZZg’; (x(a),a) T} (@)g", (x(@), a) |,

k=1 k'=1
w,v=1,2,...,N.Moreover, rank [U(a)] < min(M — K, N).

Proof Differentiate the identity L ; (x(a), A(a), a) = f,; (x(a), a)—i—Zf:l )»k(a)gf‘i
(x(a),a) =0,i =1,2,..., M, with respect to a,, multiply the result by the ele-

ment Qy (a), sum over i, and use the fact that Zf‘il Qi (a)gﬁ. (x(a),a) = O for
k=1,2,...,K,toget

M
Qi(@) | Ly (x(a),A(@),a) + > _ L (x(a),A(a),a)x; () | ¢ =0.

j=1

M=

)
Next, premultiply Eq. (7) by x;,(a) and sum over /. This operation yields
M M
DY @ {Qu (a) [L,m (x(a), A(a), a)
i=1 I=

X
1
M
+) Lij(x(@), M), a)Z[PJm(a)JrQ,m(a)]xm w@ | 1 =0. (8

j=1 =

Observe that we have inserted the term §;,, = P}, (a) + Q;, (a) in Eq. (8), where
d8jm 1s the Kronecker delta. This insertion allows Eq. (8) to be rearranged as

M M
U@ = Y w.@) {Qli(a) [L,m (x(a). A(a), a)

i=1 I=1

M M
+ > Lij (x(@),A@),a) Y Pjp(@)xy ()

j=1 m=1

XxXmp(@), wov=12 . N, )
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where the symmetry of the projection matrix Q(a) has been used on the right-hand
side. By Lemma 1, the matrix U(a) is positive semidefinite. Next, use the definition
of P(a) to arrive at

M M K K
D P@xau@=) > Y ¢ (x(@), a) [l @)gh, (x(@), a) X, (@).
m=1 m=1 k=1 k'=1
(10)

Then use the identity g*, (x(a), a)+y M g%, (x(a), a) x,, . (a) = 0, whichresults
from differentiating the identity g* (x(a), a)) = 0 with respect to a > to simplify
Eq. (10), and substitute the result in U ,, (a). The result is

M M
U@ = Y3 x,) {Qn (a) [L,w (x(a), M(a), )

i=1 I=1

M K K
=Y L (x@a),A@),2) Y Y g (x(@), a)l, (@)gk (x(@).a) |t

j=1 k=1 k'=1

w,v=1,2,..., N,whichestablishes the semidefiniteness result once the dummy
indices are changed as follows: I — i,i — j,and j — [.

The upper bound to rank [U(a)] can be derived from the standard theorems
that (a) the rank of an N¥ x N¢ matrix cannot exceed min(N®, N¢), and (b) the
rank of a product cannot exceed that of any of its factors. Since U(a) is an N x N
matrix, its rank cannot exceed N. Moreover, because dim[TP(a)] = M — K,
rank [Q(a)] = M — K. Using the second formula of Eq. (9), and then recalling
that 9x(a)/0a is an M x N matrix and that [L ;;(x(a), A(a),a)] is an M x M
matrix, the rank result follows from the above quoted rank theorems. O

It is worth noting that the rank of any CSM associated with the optimization
problem (1) is limited by (a) the dimension of the constrained decision space,
namely M — K, i.e., by dim[TP(a)] = M — K, and (b) the size of the parameter
set, videlicet, N. Thus no CSM can be of higher rank than the smaller of these
two integers. Note also that zeros in the spectrum of the M x M Hessian matrix
[LV ij (x(a), A(a), a)] or other “exceptional” circumstances may reduce the rank of
a CSM below the value deduced under general conditions. Thus all that can be
established in general is an upper bound to rank [U(a)]. To see this, observe that
the M x N matrix dx(a)/0da that appears in the second formula of Eq. (9) can have
an arbitrarily small rank, including zero, implying the same for U(a). For example,
if the optimization problem is given by max,[F'(x) 4+ F2(a)], then the decision
functions do not depend on the parameters, thereby causing dx(a)/da to vanish
identically. This implies the vanishing of U(a) and its rank.

We conclude our discussion of the universal CSM U (a) by establishing its rela-
tion to the CSM 2 (a) in Theorem 1 of Partovi and Caputo (2006). This relationship
creates the link from U(a) to the comparative statics theorems of Silberberg (1974,
Eq. (10)) and Hatta (1980, Theorems 6 and 7), for Partovi and Caputo (2006) have
already established the connection between the latter two authors’ results and 2 (a);
see also Caputo (1999) in this regard.
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To begin, let t* € TP@) c WY, e =1,2,..., N — K, be the set of so-called
isovectors used in the construction of €2(a) in Theorem 1 of Partovi and Caputo
(2006). We intend to show that the relationship between 2 (a) and U(a) is given by

Qup(a) =27 u=1 >, 14U, (@)tf . To establish the veracity of this claim, first ob-

serve that by Lemma 1 of Partovi and Caputo (2006), x;., (a) & Zﬁl | Mx, (@) €
TP@a) fore = 1,2,..., N—Kandi = 1,2,... , M, thereby implying that
M xig@Pj@) = M x4 (@)Pji(a) =0 for « = 1,2,...,N — K and
j=1,2,..., M,since P(a) is the M x M projection matrix onto NP (a). This is a
crucial property in the present derivation, and one that clearly shows how the appli-
cation of the generalized compensated derivatives of Partovi and Caputo (2006)
obviates the use of projection matrices. Next, using Eq (9), transpose the indices

w and v to get U, (a), substitute Uy, (a) into ZM y ZV | fﬁwa (a)t?, change the

dummy indices of summation according to:/ — i,i — j,and j — [, and thenem-

ploy the definitions x;., (a) = Zﬁ/ 115X (a) and L ;.5 (x(a), A(a), a) =<t Z
tf L ;, (x(a), A(a), a). This sequence of operations yields the expression

N N M M
Y Y U@ =3 xia@][8; — Piy@]L s (x(2), Ma), a)
n=1v=1

i=1 j=1

M M
+ > xi(@Qij(a)

i=1 j=1

[ZL,I (x(a), M(a), a)ZPMa)xmﬁ(a)] (11)

m=1

fora, = 1,2,..., N — K. Using the aforementioned orthogonality property,
thatis to say, Y1 | xi.0(@)Pij(a) = Y7 xi0(a)Pji(a) =0, = 1,2,... , N—K,
and then taking account of the symmetry of U(a) or €2(a), we find that Eq. (11)
reduces to

N

Uy @)f = Zx, p@L .o (x(a), A(a), a)
1

i=l1
:Qaﬂ(a)aayﬂzlazy'-'vN_Ka

>

n=1 v=

which is the intended result.

The relationship between €2(a) and U(a) established above provides further
insight into their rank properties. Recalling the theorems pertaining to the rank of
a matrix quoted in the proof of Theorem 1, we conclude that the rank of <2 (a)
is no larger than the smaller of the ranks of the N x N matrix U(a) and the

N x (N — K) matrix T = [¢' 2] - {t¥=K ]. In light of the fact that rank(T) =
N — K, we arrive at the result of Theorem 4 of Partovi and Caputo (2006), scilicet,
that rank [Q2(a@)] < min(M — K, N,N — K) = min(M — K, N — K), since
N — K < N. This derivation also shows that when N — K < N < M — K, the
rank of U(a) will in general be larger than that of 2 (a) because rank [T] = N — K.
The latter is in turn caused by the fact that the process of compensation employed
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by Partovi and Caputo (2006) prohibits differentiation with respect to the nor-
mal directions in parameter space, while the present construction via projection
matrices does not.

A model for which the rank of U(a) will typically be larger than that of ©2(a)
is the classical nonlinear general equilibrium model given by

J J
max E pjf](xlj,xzj,...,ij) S.t.g Xij = Xi, i=1,2,...,1¢,

Xij
=12, =120 | j=1 j=1

where x;; is the amount of factor i used in the production of good j, f J(-) is the
production function of good j, p; is the market price of good j, and x; is the fixed
amount of factor i. Observe that in this model we have M = I1J, N =1 + J, and
K = I.Therefore, if 2I +J < IJ,then N — K < N < M — K, and the rank of
U(a) will in general be larger than that of €2(a), as is straightforward to confirm.
With the main theorem now established, we turn to a brief application of it.

4 An application

Our objective here is to illustrate the use of Theorem 1, as well as its relation to The-
orem 1 of Partovi and Caputo (2006), in the context of a familiar model, namely
the utility maximization problem. We will find that the universal CSM derived
for the utility maximization problem bears little resemblance to the Slutsky form
and defies any attempt at intuitive understanding. Upon applying the reduction
procedure established in Section 3 to this CSM, on the other hand, we recover the
familiar Slutsky form. What this exercise underscores is that (a) information-equiv-
alent CSM'’s can have different appearances, ranks, and intuitive significance, and
(b) a judicious choice of form can significantly enhance the utility of a CSM. It is
this latter feature that distinguishes the income-compensated derivative as the key
ingredient in the Slutsky construction. More generally, the generalized compen-
sated derivatives of Partovi and Caputo (2006) serve the purpose of guiding one’s
choice of the form in which the CSM emerges.

The problem under consideration is the archetype utility maximization prob-
lem, scilicet

max {U(x) s.t. m—pTx=0},

xen;!

. . . . def
wherep € Sﬁﬁ +1 is the price vector, m > (01is the consumer’sincome,a = (p, m) €

E)iﬁ + is the parameter vector, x(a) is the value of the Marshallian demand func-
tion, and A(a) is the value of the marginal utility of income function. Observe that

there is but one constraint function g(-), given by g(x, a) o m — pTx, and that
M = N — 1. After a lengthy computation, we find that according to Theorem 1,
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that the universal CSM takes the following unfamiliar form:

U@ = - 3 3 2@ [ . p,»p,-]
g i Y@
N—-1
x |:A(a)3,U+ZU,l (x(a)) 1{”( )} v=12...N—1 (12

—1N-1
_ dxi@) [ pipj
uv(a = Z 8 [ ij F(a)]

— — Ox;(a) iDj
Uuu(a)=—z ];m [&j—’;(’;’)]

N—-1
x[,\(a)(sjerZU,,( () p’( )} M=N;v=1,2,.... N—1, (14)
—  0x;(a) pip;
U (a) = 2 2 om [% - F(a)] ZUJI(X(a))F( ) ,v=N,

(15)

where I'(a) = Zn | p2. As is plainly obvious, this CSM does not resemble the
Slutsky matrix, although it is a fully valid positive semidefinite CSM for the arche-
type utility maximization problem. Notice also that it is (a) redundant, in the sense
that it is a rank N — 2 matrix of order N due to the homogeneity of degree zero
of the Marshallian demand functions in prices and income, and (b) unobservable,
due to the appearance of the second-order partial derivatives of the utility function
in its expression.

In order to transform Eqgs. (12)—(15) into their familiar Slutsky form, we follow
the procedure used in section 3 to demonstrate the relationship between U(a) and
Q(a). Because dim[T?(a)] = N — 1 we must therefore determine N — 1 vectors
that form a basis for T (a). A natural and simple set of basis vectors is given by
t* = (01,02, ... ,00—1, 10, Ogg1, ..., On_1,x4(@), 0 =1,2,... , N — 1, where
the subscript on a numerical element of the vector indicates its position within the
vector. That t* € TP(a) fora = 1,2, ..., N — 1 can be verified by showing that
Vig(x(a),a)-t* =0fore = 1,2, ..., N —1, while the fact that the only solution
to the homogeneous system of linear equations Z;V:_ll cet® = 0y € RV is the null
vector ¢ = Oy_; € MV~! confirms that the vectors t*, « = 1,2,... ,N — 1,
form a basis for TF (a) The classical Slutsky matrix can now be derived from the
formula Qq4(a) = Y 1 ¥V 14U, (@)tf . Note that the Slutsky matrix 2 (a) is
of order N — 1 while its rank is N — 2, so it too is redundant. On the other hand,
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the Slutsky form has the important empirical advantage of being observable, in
contrast to U(a), as remarked above.

5 Conclusion

We have constructed a universal CSM for an arbitrary differentiable optimization
problem, as summarized in Theorem 1. For theoretical purposes, this theorem is
a fundamental result, as it defines a framework in which any other differentiable
comparative statics method must be subsumed. Not surprisingly, the universal con-
struction method is not as practically convenient, or intuitively appealing, as the
method of generalized compensated derivatives of Partovi and Caputo (2006), a
point we emphasized in section 4. On the other hand, recalling that the universal
construction is applicable to any differentiable system governed by an extremum
principle, a category which includes numerous physical and mathematical prob-
lems in quite diverse fields of inquiry, one realizes the vast scope and reach of the
theorem.
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