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Abstract

We propose new unit root tests based on instrumental variables
estimation. Under the null hypothesis, the asymptotic distribution of
the proposed test statistics is standard normal. The normality result
holds regardless of whether the time series contains different types
of linear deterministic trends and/or structural breaks. An important
advantage is that the IV unit root tests do not entail nuisance parame-
ters. In addition, the power of the new tests compares quite favorably
with the most powerful existing unit root tests.
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1 Introduction

The limiting distributions of the usual unit root tests are typically nonstan-
dard and expressed as functionals of Brownian motions. Since the pioneering
work by Dickey and Fuller (1979, DF henceforth), many authors have derived
and examined various nonstandard distributions whenever new model spec-
ifications are considered. Since the specific expressions of the nonstandard
asymptotic distributions vary over different models, different sets of critical
values must be provided for each type of model using different deterministic
components and detrending methods. A fundamental issue is that the limit-
ing distribution often depends on various nuisance parameters. One popular
example of having nuisance parameters in unit root tests is when structural
changes are allowed. When structural breaks are considered, the distribu-
tions of unit root test statistics typically depend on the number and location
of the breaks. Then, one needs to simulate critical values for different break
locations and different types of models. Finding the asymptotic distributions
for these models can be done, but the dependence on nuisance parameters
can pose an even greater problem when testing is extended to more general
models with multiple breaks, cointegration or in a panel setting. In these
cases, it would be desirable to obtain tests that do not depend on nuisance
parameters.

In this paper, we propose new unit root tests whose asymptotic distrib-
utions are standard normal regardless of different model specifications and
detrending methods. Specifically, we show that the standard normal result
holds with or without trends and/or structural breaks in some popular forms
that we consider. To achieve this outcome, we adopt new test procedures
based on instrumental variables estimation. Our departure differs from the
traditional testing scheme. Suppose for simplicity that we have data {y;:
t = 0,1,..,7}, which follows a pure AR(1) process with no deterministic
components. It can be shown that the usual unit root tests are essentially
based on the moment conditions E(y; 1Ay;) =0, ¢ =1,..,T, under the null
hypothesis, against E(y;_1Ay;) < 0 which holds under the alternative hy-
pothesis. The popular tests advanced by Dickey and Fuller (1979) can be
seen as utilizing these moment conditions. Various extensions of the DF tests
adopt similar moment conditions and use the least squares method. Although
the moments F/(y;_1Ay;) of such tests are very natural to implement, they re-
sult in non-standard distributions. This is so because the moment conditions
depend on the non-stationary term 7, ; under the null hypothesis.



In contrast, we suggest to use the moments F[(y;—1 — ys—1-m) Aye]. As we
shall show in more detail in the next section, using these different moments
leads to the standard normal asymptotic result. The underlying intuition
is clear. When m is a fixed finite number, y;, 1 — y;_1_,, is a stationary
process and we can see that the sample moment /T ZtT:l(yt_l —Yt—1-m) Ay
converges to a normal distribution. Therefore, it can be expected that the
asymptotic distributions of the corresponding unit root t-statistics will be
standard normal. The point of this treatment can be seen more intuitively
when our moments are compared to those in the usual unit root tests. Since
E(yi-1Ay:) = E[(Ye-1 — Ye-1-m)AY] + E(Ys-1-mAy:), using the moments
E(yi-1 — yi—1-m) Ay;] amounts to truncating the second term, which does
not contribute to the ability to reject the null when the alternative is true. It
is easy to see that the correlation between Ay, and y;_1_,, dies out exponen-
tially as m gets larger under the alternative hypothesis. Thus, it is sensible
to construct new tests that utilize the moments E [(y;—1 — ¥1—1-m) Ay, after
truncating F(y;—1-mAy;). Since these tests can be undertaken with the usual
t-tests in the unit root regression using ¥;—1 — ¥1—1-m, as an instrumental
variable, we call these as “stationary IV tests” or simply “IV tests”.!

When a time series contains a non-zero mean, a linear trend or other de-
terministic terms, we need to control for these effects. This is the detrending
method. There are a few different detrending methods available in the liter-
ature. The DF type detrending method has been popular but we focus on
using the LM detrending method advocated by Bhargava (1986) and Schmidt
and Phillips (1992). The LM detrending method yields more powerful tests
than the DF type tests. Vougas (2003) reports that the LM tests are more
powerful than the DF type tests, and the same pattern is observed in the IV
version tests.

It can be seen that the power of the IV tests will increase under the
alternative as m increases. In this regard, it is reasonable to make m grow
as the sample size increases. Thus, we consider tests for which we make
m depend on T such that mp = T°. We use the notation my to signify
that m is a function of T'. In the next section, we will show that the null
distribution of tests based on the moments E [(yi—1 — Yi—1-my) Ay = 0 will
also converge to a standard normal distribution. In addition, we derive the

'Hall (1989) has provided an IV unit root test in the presence of moving average errors.
He suggested to use y:—m,m, m > ¢, as an instrument for y;_; when there exists an M A(q)
errors in the DF type regression. The distribution of his IV test statistic is nonstandard.
Clearly, y:—, is nonstationary under the null hypothesis of a unit root.
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required condition for this asymptotic result. It turns out that the required
condition is shown to be rather mild. As long as my is given as mp = T°,
with 0 < ¢ < 1, the standard normal result follows. Therefore, by choosing
0 reasonably close to 1, we are able to construct new tests that are more
powerful but still follow asymptotically a standard normal distribution.

We further seek to improve our IV unit root tests by using weighted
moments Z;n:TI Y, E(Ay;jAy;), where 0 < ¢; < 1for j = 1,....,mp. As a
matter of fact, we prefer these tests and focus on them in this paper. Since
Y1 — Yeolom = Z;nzl Ay:—; and the correlation between Ay, and Ay,_;
gets smaller for larger j under the alternative hypothesis, it is reasonable to
expect that the power of the tests can be increased when heavier weights are
given to the terms with higher correlations. Using y;—1 — ¥4—1-m, amounts
to setting ¢; = 1 for all j, which is the case of using a uniform window.
Our simulation results demonstrate a non-trivial power gain when a Bartlett
window is adopted with ¢, = 1 — in;;’ as compared to using the uniform
window. The power gain comes with a small price of having to deal with
some small sample bias. While our results regarding the normal distributions
hold asymptotically, the lower order terms in the asymptotic distributions are
not negligible in small samples when my depends on 7'. This can lead to size
distortions with a large value of m. Since we use the asymptotic critical value
of the standard normal distribution, say —1.645 at the 5% significance level
in all cases, it is important to have the correct size under the null. As such,
we suggest modifying the test statistics to correct for small sample bias. We
provide details of how to correct for the small sample bias in Section 2. When
this is done and the Bartlett window is used, the power of the IV tests is
closely comparable to the most powerful existing unit root tests. This is an
encouraging property of our IV tests since the desirable normality result can
be obtained without inducing a loss of power.

The most important advantage of using the IV tests is that they do not
entail nuisance parameters. Clearly, a standard normal distribution is free of
any nuisance parameters. This benefit of our IV tests is not readily available
with other tests using the traditional moment conditions. We demonstrate
this point for unit root tests in structural change models with level and
trend shifts. The distributions of our IV tests are invariant to the nuisance
parameter indicating the location of breaks. No existing test with trend-shifts
is invariant to the nuisance parameter. The desirable invariance property of
our IV tests appears quite general and is expected to be useful in other models
where the dependence on nuisance parameters is a problem; see Saikkonen
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and Liitkepohl (2002), for instance, for their application of the invariance
property from the LM detrending method to general models with nonlinear
deterministic terms.

The remainder of the paper is organized as follows. In Section 2, we
provide the models and details of test statistics for each model. We also
derive conditions for the asymptotic results and provide expressions for the
bias term that can exist when m is big. In Section 3, we examine the small
sample performance of the tests via simulations. Section 4 provides the
summary and concluding remarks.

2 IV Tests

Suppose that we have data y;, for t = 0,1, 2,...,T, which are generated as
Yi = dy + 4. (1)

Here, x; is the stochastic component of the series following an autoregressive
process
Ty = Qri-1 + (2)

where ¢; is the innovation term and is assumed to satisfy the following con-
dition.

Assumption 1 {¢;} is a martingale difference process with

E(gi|er-16-2,...) = 0 and E(e?|g;_16-9...) = o2, for t = 1,2,.., where
0<o0? < o0.

Here, d; is the deterministic component of g, in which we can consider
general models with various types of deterministic functions. We assume
that the initial value y, is finite such that yo = O,(1). Combining (1) and
(2), we have

(1= ¢L)y = (1 — ¢L)ds + & (3)

and the testing regression model
Ay = Byr-1 + (1 — ¢)dy + 9Ady + &4, (4)

where 3 = ¢—1. Interest centers on testing the null hypothesis 5 = 0 against
the alternative hypothesis § < 0. Note that the term Ad; drops out from



the regression when d; is a function of a polynomial of ¢, but it does not
disappear when d; contains dummy variables to capture structural breaks.
In this case, omitting Ad; can drive the resulting test statistic to diverge.
We examine four different models.

2.1 Results in the Basic Model

In the simplest case, we consider an AR(1) model with zero mean and no
trend such that d; =0

Ayt:ﬁytfl—i_gt; = 1727"'7T7 (5)

where {e;:t =1,2,...,T} is a differenced martingale sequence. Then, one
may construct an instrumental variable for y; 1 as w;—1 = Y1 — Yr—1—m,
where m is a finite number. By applying IV estimation, we can obtain a
t-statistic for 5. It is a valid IV statistic that follows a standard normal
distribution?. We can show that the t-statistic utilizes the moment condition
E[(yi—1 — Yt—1-m) Ay]. As noted in the previous section, we can improve the
power of the IV tests by increasing m so that we can utilize all possible useful
information. To do so, we utilize the weighted average of stationary moments
in such a way to put more weight on the terms that are highly correlated with
Ay, and less or no weight on the terms that are less important. Accordingly,
letting my = T°, we define the instrumental variable for y,_; in (5) as

1
Wy = { - 23:1 Y, Ay, for t =2, ... mr,
Z]:Tl me+1—jAyt—(mT+1)+j7 for t = mp + ]-7 mr + 27 (XY T7

(6)

with 0 < ¢; < 1, for j = 1,2,...,mz. Here, ¢, is used as a weight for
each term. From 2SLS using w,_; as an instrument for 3, 1, we obtain the

t-statistic .
thl wt—lAyt

tIV = T )
~ 2
o Zt:l Wi

where & is a consistent estimator of 0. Then, we have the following result.

(7)

2The result continues to hold in the presence of autocorrelations, under which we can
construct the IV as w,—1 = y1—1 — Yt—1—p—m Where p is an AR term in the augmented
regression. The usual arguments regarding the selection of p will apply.



Theorem 1 Under Assumption 1 and the null hypothesis of f = 0 in (5),
the t-statistic in (7) follows

try 5 N(0,1) (8)

ifmp=T°0<4d < 1.
Proof. See the Appendiz. m

Thus, the t-statistic defined in (7) converges in distribution to a standard
normal distribution under the very mild condition that 0 < ¢ < 1. This is the
required condition to obtain the asymptotic standard normality result when
we use stationary moments. As such, there are many possible choices for §.
In finite samples, choosing a proper value of § that ensures an appropriate size
and high power is needed. In the next section, we suggest proper values of §
for each of different models. There are many options for ¢;, j = 1,2, ..., mr.
A uniform window imposes equal weights. To make 1; decline in j so that we
provide higher weights for more highly correlated pairs under the alternative
hypothesis, we consider the Bartlett window. We use these two weighting
schemes throughout the paper. They are defined as

Uniform window: ¢, =1, for j =1,2,....,mr
j—1

Bartlett window: ¢, =1 — , for j=1,2,...,mrp.

mr

When the uniform window is used, the instrumental variable is simplified as

w Yi_1, for t =1,2,...,mp,
et Yt—1 — Yt—1—myp> fort =mp+1,mr+2,...,7T.

Although the uniform window is the easiest to implement, the resulting tests
are typically less powerful than using the Bartlett window. Through exten-
sive simulations, we have examined several other possible windows, such as
the Pazen, Quadratic, and other exponential type windows. It turns out
that the results are not too sensitive to the choice of these windows, but we
found that the Bartlett window works slightly better than other windows we
considered.

2.2 Detrending and Bias Correction

In practice, a time series typically contains some deterministic components.
In this paper, we consider the following three popular cases, but the IV tests
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can be utilized in other general models.

Drift: di = 7,,
Linear trend: dy = 7o + 71ts 9)
Structural break: dy = vo + 71t + Vo Dy + v5(t X Dy),

where D; is the dummy variable that captures a break point. When a break
occurs between t = Tg and Tz + 1, we define

Dt:

t<T, 1
{0, <Tp+1, (10)

1, t>Tg+1.

The interaction term t x D, allows for a possible slope change in the linear
trend after the break; see Perron (1989). If we omit the interaction term
t x D; we obtain the model with level shift, which is a special case. Let z; be
the vector of the deterministic terms and v be the corresponding coefficient
vector. Therefore, we let z;, = [1], [1,t], and [1,t, Dy, ADy,tD;] for each of
three deterministic trends in (9).

There are a few different detrending methods suggested in the literature.
One popular method has been to utilize a regression in levels to estimate
the coefficients of deterministic terms and use these coefficients to detrend
the series. This is the detrending procedure adopted in the DF type tests.
Alternatively, one may estimate the coefficients of deterministic terms from
the regression with differenced data and use these coefficients to detrend
the data. This detrending method was advocated by Bhargava (1986), and
Schmidt and Phillips (1992). We call this the LM detrending method since
we first impose the null restriction. Hwang and Schmidt (1996) and Elliott,
Rothenberg and Stock (1996) adopted a method that is similar to the LM
detrending, but allows for a local alternative. Specifically, we first rewrite
equation (3) as

(L=o¢L)y: = (1 —oL)zy + e, (11)

where z;7 = d;. Then, one can consider the following detrending methods
(i) DF detrending (¢ = 0)
(ii) LM detrending (¢ = 1)
(iii) GLS detrending (¢ = a, close to 1)
(iv) GLS detrending (¢ = ¢y =1 —¢/T)).
The difference among these methods lies in how we estimate . The DF
detrending procedure amounts to detrending the data assuming that ¢ = 0
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in equation (11). On the other hand, the testing procedures for the LM
test and the GLS tests are different. For these tests, 7 is estimated using
the differenced or quasi-differenced data and we detrend the data using the
estimate of . Then, we run the AR(1) regression of Ay, on g, 1, where
y; is the detrended series; y; = y; — 2. If we detrend the data using the
estimate of 7 assuming ¢ = 1, we have the LM tests developed by Bhargava
(1986) and Schmidt and Phillips (1992). That is, 7 is estimated from the
regression of Ay, on Az, and we use this estimate of v to detrend the series;
Ue = Ys — 2y Note that 7 is estimated from using Az;, but the detrended
series is driven from using z;. The LM test statistic is obtained from the
regression of Ag; on ;1. If we take some constant close to 1, say 0.98,
for ¢, we have the tests proposed by Hwang and Schmidt (1996). Thus, ~y
is estimated from the regression of (y;— ¢y;—1) on (z;— ¢z;_1), and we use
this estimate of v to detrend the series; 4 = v — 2:Y5rg. Very similarly,
using ¢, = 1 — ¢/T with some constant ¢, leads to the local alternative GLS
test of Elliott, Rothenberg and Stock (1996, ERS hereafter). In this case,
7 is estimated from the regression of (y;— ¢ry;—1) on (z;— ¢p2i-1), and the
detrended series is accordingly obtained as y; = y: — 2:Yprg- As in the LM
testing procedure, we obtain the GLS test statistics from the regression of
Agy on Fp_1.

Any of these four detrending methods can be used for our IV tests. The
resulting IV tests have the asymptotic standard normal distribution, while
the OLS based tests have different nonstandard distributions. We conducted
simulations to compare performance of the tests using different detrending
methods. We found that the LM and the GLS detrending methods produce
virtually similar results with almost the same size and power properties. But
the power is somewhat lower when the DF detrending method is adopted.?
In the following analysis we will focus on the LM detrending method.

In using the LM detrending method, v, is not identified from the regres-
sion of Ay, on Az. To remove ,, we subtract yo from vy, t = 1,2,...,T.
In the conditional maximum likelihood approach, where g is fixed, yq is the
maximum likelihood estimator of ~,; see, for example, Pantula, Gonzalez-
Farias and Fuller (1994). Define v* as 7 excluding 7, and z/ is z; excluding
[1]. In the cases of “linear trend” and “structural break”, 7* is estimated

3Precisely speaking, the power comparison depends on the initial values of the data.
When the initial value is large, the IV tests based on the DF detrending method would be
preferred. We discuss this issue in the next section.



from the regression Ay, = Azfv* +error, t = 1,...,,T. We then have the
detrended series using the estimated coefficient 4, from the regression in dif-
ference: 4 = Yy — 2, — Yo, for t = 1, ..., T. The IV unit root test is conducted
from the AR(1) regression using the detrended series

Ay = By—1 + error (12)
using the instrument

Wi—1 = { 22:2 2ﬁtfj+1Agjfla for t = 27 -,
ijTl Vi1 i AUi—(my1)—j, for t =mp+1,mp+2,..,T.

(13)

Note that when errors are serially correlated, we add the lagged augmented
terms of Ay, in the testing regression, as in the ADF test. When my takes a

relatively big number and a time trend exists, £ <ZtT:1 ﬁ}t_lAgjt> is typically
O (mr). Thus, we will need to fix the bias in practice in order to have the
correct size. Accounting for the bias correction, we have the test statistic

T - - .
1A — b
t;v — Zt/\2 Wy 1T yt~2 /La/87 (14)
a4/ thz Wi_1

where bias is the consistent estimate of E (Zthl wt,lAgjt) under the null

hypothesis.

Theorem 2 Under Assumption 1 and the null hypothesis of B = 0 in equa-
tion (12), the t-statistic defined in (14) converges in distribution to the stan-
dard normal distribution

tr -5 N(0,1) (15)

ifmp=T°0<6<1.
Proof. See the Appendiz. m
Thus, we obtain the same asymptotic normal result when deterministic

terms are controlled for.* The required condition for § remains the same as
in the case with no deterministic term. The only difference is the presence of

4We wish to point out that there are other ways to obtain the normality result of
unit root tests. So and Shin (1999) suggest using a sign function as an instrumental
variable in the Dickey-Fuller type testing regression. Phillips, Park and Chang (2004)
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the bias term in calculating the ¢-statistic. The bias correction is not needed
in the basic model. We provide details of the bias term for each model in the
following. Note that the bias correction is made on the score term, rather
than on the coefficient estimators or the entire t-statistic.

2.2.1 Drift: d;, = v,

When a non-zero mean is allowed but no time trend exists, we have d; = .
Then, we can use 9y = y;_1 — Yo, for t = 1,2,..., T, in (12). In this case, bias
= (. Thus, no bias correction is necessary. Simulation results in the next
section suggest that the IV test performs best when the Bartlett window is
used with 6 = 0.9.

2.2.2 Linear Trend: d; = v, + 7t

When a linear trend is allowed for in the testing regression, we define d; =
Yo + V1t- Then, we have 4, = %ZtT:l Ay, so that g, = y; — t9, — o, for
=1,...,T, can be used in (12). In this case, we have

bias = —o3 (1 — %) ;wj + % Z ij_l . (16)

=2 j=2

In the Appendix, we show how the above result is derived. Note that o3 = o2

when errors are serially uncorrelated, and that in the presence of serially
correlated errors, o2 is estimated as 67 = °/(1 — b(1)), where b(1) is the
sum of the coefficients of the lagged augmented terms of Ag,. When we

have shown that an integrable function of the lagged dependent variable can be used as
an instrument. The resulting ¢-statistic for a unit root converges to a standard normal
distribution. These approaches are novel and have helped to motivate the present paper.
Our tests differ from these other tests in one important respect. It can be viewed that
these other approaches adopt E[f (y;—1) Ay], which utilizes a nonlinear function of an
integrated process (y;—1) under the null. In doing so, a recursive demeaning procedure is
employed for the data with a non-zero mean. The procedure works well and the standard
normality result follows. In the presence of a linear trend, level or trend shifts, nonlinear
trends or stochastic regressors, a similar recursive detrending procedure could be possibly
considered. The recursive procedure may pose a problem in some of more general models;
Sul, Phillips, and Choi (2003) note that for a recursive detrending procedure entails a
nuisance parameter for the model with a linear trend. In contrast, our IV tests do not rely
on the non-stationary moment conditions and no recursive detrending procedure would be
necessary.
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use the uniform window, where ¢; = 1, for all j, Z?fl Y; = mr, and
>y 3:2 VY, = %mT(mT — 1). Hence, the bias is simplified as

. 1
bias = —o2 [mT - ﬁmT(mT + 1)} : (17)

When the Bartlett window is used, where ¢; =1 — fn;Tl, we can show that
m m t
Zj:Tl ¢j - %(mT + 1): t:g Zj:Q 77Z)j—1 = % (m2 - 1) ) and

1 1

bias = —o7 |=(mp + 1) — —(mqp + 1) (mgr +2)| . (18)
2 61

We found from our simulations that the test performs best when the Bartlett

window is used with 6 = 0.7.

2.2.3 Structural Break: d, = v, + vt + v,D¢ + 5(t x D)

When a time series involves a structural break, we have d; = v, + v, +
Yo D¢ +v5(t X Dy). It may be informative to show detailed expressions of the
detrending procedure. For this model, we have z; = [t, D;,tD;] and Az} =
(1, AD;, A(t x Dy)]. Note that AD; = 1 at t = Tp+1, and 0 elsewhere. Then,
we obtain numerically identical estimators of v; and 75 from the regression
Ay; on [1, A(t x Dy)] omitting the row at ¢ = Tp+1 in the regression. We ob-
tain 4, = Ay,, 45 = Ay, — Ay, where Ay, = 2377 Ay, = (yr, — 00) /T
and Ay, = == Y r, 1 A% = (yr —yrp1) /[T — (T + 1)]. Mak-
ing use of the fact that the (75 + 1)-th residual is zero when AD; is in-
cluded in the regression, we obtain 9, = Ayr,+1 — 9, — (I + 1)75. Using
these estimators, we can show that the expression for the detrended series
Ut = Y — Y1t — Yo Dy — Y5t Dy can be alternatively given as

- _{ yr — tAYy, — o, fort=1,2,...,Tp (19)

v (v — yrg+1) — [t — (Tp+ 1) Ay,, fort =Tp+1,...,T.

Note in particular that 4, = yr,4+1 = yr = 9o = 0 in the detrended data.
The expression for the detrended series in (19) shows that the structural
break completely splits the data into two uncorrelated series under the null
hypothesis. Therefore, it is more reasonable to choose ms based on T or
T — Ty rather than on 7. Following our simulation, the size of the test is the
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most stable when my is chosen based on the maximum of T and T' — T,
namely

mr = [maX(TB, T — TB)]J. (20)

However, note that two split series are correlated under the alternative hy-
pothesis. The bias term is given as

2 ( ~ Ty T ToTho 1>ZmT¢‘+

bias = —o7 . . : (21)
(E"‘T Tp— 1> ZJ 2%1

which is derived in the Appendix. Specifically, when we use the uniform
window, it becomes

T-1
2T5(T —Tp — 1)

bias = —o} {QmT — my(mr + 1)] . (22)

When the Bartlett window is used, the bias is given as

(T — 1)(mr + 2)}
615(T — T — 1)

bias = —o2 (mp + 1) ll — (23)
We note in passing that when there are two structural breaks the expression
for the bias will be

. mr mr mr <L 1
bias = —o? [(3—?1—?2—?3) Z¢j+ (T1 +—+T3)ZZ¢J 1] :
j=1 t=2 j=2
(24)
where T7, 15, T3 denotes the number of data points before the first break,
between two breaks and after the second break. A general pattern of the bias

will be obvious when there are three breaks or more.

3 Simulations

In this section, we investigate the small sample properties of the IV unit root
tests through Monte Carlo simulations. We compare our IV tests with the
three widely used tests, DF, LM and GLS tests, for each of three models with
different deterministic terms. These tests are based on the OLS estimation.
The data generating process implies (1) and (2). In our simulations, d; is
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generated by using v, = 10, v; = 1, 75, = 5, and 73 = 1 whenever the
corresponding deterministic components are included. We note that all tests
are invariant to the parameter v in the corresponding DGP for which we use
d; = zy. Thus, using v = 0 or any other values of v in the DGP will not
change the simulation results when the corresponding expression of z; is used
for each of these models. We use pseudo-iid N(0,1) random numbers from
the Gauss 6.0.10 RNDNS procedure.

We examine the cases for ¢ = 1, 0.9,0.95 and 0.99 with different sample
sizes, T" = 50, 100, 200, 300, 500, and 1000. Under the null hypothesis with
¢ = 1, all tests are invariant to the initial value zy. We can take xq simply as
a random draw from a standard normal distribution. However, power hinges
on the value of x(. For the results in Tables 1-3, x( is given as a random
draw from the normal distribution with mean zero and variance 1/ (1 — ¢2)
to ensure that the variance of zy matches with that of other z; series. In
Table 4, we vary the value of xy to see the effect of the initial values on the
power of the tests.

We report the size, power and the size-adjusted power of the tests at the
5% significance level. We only report the results when m depends on T,
but the results using a finite value of m are also available. The power of the
tests is computed as the proportion of rejections using the asymptotic critical
values. For all IV tests, we use the asymptotic one-sided critical value —1.645
of the standard normal distribution. For other tests, we use the critical values
reported in the literature. The size-adjusted power is calculated based on the
simulated critical values under the null, which are generated by using 50,000
replications for each case. The size of the tests is calculated from 50,000
replications, and the power and the size-adjusted power are calculated from
10,000 replications. The size-adjusted powers are reported in the parentheses
in Tables 1 - 3. In Table 4, all figures are size-adjusted powers.

Table 1 presents the simulation results for the "drift" model (d; = 7).
When there is no time trend, we do not have an LM version test. For the
GLS test, we follow ERS to use ¢ = 7, which ensures the 50% asymptotic
power against the local alternative ¢ = 1 — ¢/T. For the IV tests, we report
results from using both the uniform window and the Bartlett window with
mp = T° for § = 0.7, 0.8, and 0.9. These values of § have been selected
from intensive simulations. As seen in Table 1, there is a slight tendency to
over-rejections in the IV tests when the sample size is small. The size of the
IV tests ranges from 7% to 9% regardless of different types of windows and
different values of 6 . The size of the tests improves as T' gets larger, but the
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speed of improvement is slow. Although the over-size tendency is a little bit
stronger when § = 0.9, the power is the best when § = 0.9. As is well known,
GLS is shown to be more powerful than DF, especially when 7" = 50 and
T = 100. But, the comparison is rather mixed when 7' gets larger, depending
on how close 1 —¢/T is to the true value of ¢. In contrast, the IV tests based
on the Bartlett window with § = 0.9 are shown to be more powerful in almost
all cases. For example, when 7" = 100 and ¢ = 0.9, the size-adjusted power
of the DF, GLS, and IV tests are 0.341,0.495 and 0.512, respectively. When
T = 200 and ¢ = 0.9, they are 0.877,0.840 and 0.936, respectively. This
favorable result for the IV tests over the GLS test may be rather surprising
since the GLS test is commonly known to be the most powerful test.

Table 2 reports the result for the "linear trend" model (d; = v, + V).
For the GLS test, we use ¢ = 13.5 and the small sample critical values as sug-
gested by ERS. Again, the Bartlett window-based IV tests are significantly
more powerful than the tests based on the uniform window-based IV tests.
The size is the closest to the nominal size when § = 0.7 in all cases with dif-
ferent T" values. The size ranges from 5.3% to 5.7%. Hence, we recommend
the Bartlett window in practice with 6 = 0.7. Although the power of the
DF test remains somewhat lower than the power of the other three tests, the
discrepancy is much smaller when compared with the “drift” model. It is
interesting to see that the powers of the LM, GLS and IV tests are virtually
in a tie with most cases, with a slight edge for GLS. The favorable result
in power of the IV tests over the GLS test in the model with drift largely
disappears.

In Table 3, we report results for the "trend shift" model (d; = v, + 7.t +
Yo Dy + v3(t X Dy)) for two cases with Ts = 0.5T and T = 0.27°. Since the
asymptotic distributions of the DF, LM and GLS tests depend on the location
of the breaks, the critical values vary for these tests and no corresponding
critical values are readily available. Thus, only the size-adjusted power is
reported for these tests. Our main interest is to compare the sensitivity of
the IV tests to the DGP with different locations of breaks, and to examine
the generic power of the IV tests. For the GLS test, we use ¢ = 22.5 which
ensures the 50% asymptotic power in the local alternatives of ¢ = 1 — ¢/T,
as suggested by Perron and Rodriguez (2003). Note that we use my = [max
(Tg, T—Tg)]° for the IV tests. In both cases with T = 0.57 and Tz = 0.27T,

®We also simulated the cases when T = 0.8T, but the results are almost identical to
those from the case with T = 0.27. They are not reported to save space.
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the results on the size and power of the IV tests are very similar, implying
that the IV tests are free of the nuisance parameter, A\ = T /7, indicating the
location of the break®. The size of the test is the closest to the nominal size
when 0 = 0.7. Looking at the power, we observe that the Bartlett window
provides better power than the uniform window for the I'V tests. Comparing
the size-adjusted power of the tests, we observe that the GLS test is more
powerful than others. The powers of the IV tests and the LM tests are very
close, and the DF test shows the least power.

Overall, in most cases, the powers of the IV tests are fairly comparable
to the GLS test. This result is encouraging since the IV tests have the
additional important feature that their distributions are standard normal
and free of nuisance parameters. This desirable property is obtained without
a sacrifice in power. Clearly, the IV tests have an operating advantage. It is
not necessary for the IV tests to simulate different critical values for various
combinations of structural break locations, while such a task is necessary to
employ the GLS, LM and DF extension tests. This advantage will become
more useful in extended models with multiple breaks and other models.

In Figure 1, we provide the estimated empirical pdfs of various tests under
the null hypothesis when 7" = 100. These are based on the kernel estimation
using a Gaussian kernel function. Using other kernel functions does not make
a big difference. The solid curve depicts the pdf of the standard normal
distribution. The curve with short dashes in the upper graph denotes the
pdf of the IV statistics of the trend model with 6 = 0.7. It is seen that the
pdf of the IV statistic is close to that of the standard normal distribution.
The pdf of the IV statistic is clearly far off the the left-shifted pdfs of the
LM (dashed curve) and GLS (dots and dashed) statistics which are based on
the OLS estimation. In the lower graph in Figure 1, we provide the pdfs of
the IV statistics using different parameter values of A = 0.5,0.2 and 0.8. The
pdfs of the IV statistics using A = 0.2 and 0.8 overlap exactly and are hardly
separable. The pdf of the IV statistic using A = 0.5 almost overlaps the pdfs
of the IV statistics using A = 0.2 and 0.8. These pdfs of the IV statistics are

6The trend-shift model involves both level and trend shifts. We also considered the
IV test with level shift. The results are similar to those in Table 2 and are omitted here.
This is so because the LM type tests with level shift already have an invariance property
that they are free of the nuisance parameter; see Amsler and Lee (1995). Saikkonen and
Liitkepohl (2002) utilize this invariance property for unit root tests with level shift of a
general nonlinear form. However, to the best of our knowledge, no unit root test with
trend shift is invariant to nuisance parameters.
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very close regardless of different values of \, implying the invariance property
of the IV tests using different break locations. For the left-shifted pdfs of
the LM and the GLS statistics, we use the model with trend shift using the
break location parameter A = 0.5. The shape and location of these pdfs are
different from those in the upper graph of the trend model. This observation
is obvious since they are not invariant to A\. On the other hand, for the IV
tests, the shape and the location of the pdf (lower graph) of the trend-shift
model are similar to those of the pdf (upper graph) of the trend model. In
Figure 2, we examine the case with a large sample. We report the estimated
pdfs when T" = 500. The results are similar to those in Figure 1, except that
the pdfs of the IV statistics are somewhat closer to the pdf of the standard
normal distribution when the sample size is bigger.

We next examine how effectively the augmented version test controls for
the effect of autocorrelated errors. We have examined the cases with the
DGP of AR(1) errors and AR(2) errors; &, = aje4_1 + ase;_2 + uy, where
u; is serially uncorrelated with a constant variance. For AR(1) errors, we
use the values of a; = 0.8,0.5,0.0,—0.5, and —0.8, and a; = 0. For the
DGP with AR(2) errors, the coefficients are given from a; = ¢; + ¢a, a9
= —cicg,where ¢; and ¢y are the roots of (A — ¢1)(A — ¢3) = 0. We use
the values of (c1,c2) = (—0.5,—0.8),(—0.5,0.8),(0.5,0.3) and (—0.5,—0.3);
then, we have (ay,as) = (—0.3,0.4),(0.3,0.4),(0.8,—0.15) and (—0.8,0.15),
respectively. For all cases, the IV tests with the Bartlett windows and 6 = 0.7
are used. We report the results for the model with a linear trend, but similar
results on the effect of serially correlated errors are expected for other models.
Table 4 provides the results when p = 1,2, and 3 are used. We are more
interested in the cases under the null. Looking at the results with AR(1)
errors, we observe that the size properties are fairly reasonable, regardless of
different AR(1) coefficients in the DGP. This is so in large samples equal to or
greater than 200, although we observe a little size distortion when 7" = 100.
In the presence of AR(2) errors, we can see that the IV tests exhibit the
same pattern of good size properties when enough augmented lagged terms
are used (p > 2). It is obvious that the tests will show size distortions when
p = 1is used. Using more augmentation terms than necessary (that is, using
p > 2 for AR(1) errors, or using p > 3 for AR(2) errors) can lead to proper
sizes. However, we observe a loss of power as compared with the result using
the optimal value of p (that is, p = 1 for AR(1) errors, and p = 2 for AR(2)
errors). In general, the order of AR terms is unknown, and the usual data
dependent lag selection procedures can be similarly applied to our IV tests;
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see Ng and Perron (1995) in this regard.

In Table 5, we examine the size-adjusted power of the tests in two models
with "drift" and "trend" when the initial values vary. It is known that the
power of the GLS tests drops as the initial value of the stochastic process,
xo, gets bigger in absolute terms, while the DF test becomes more powerful;
see DeJong et al. (1992), Hwang and Schmidt (1996), and Miiller and Elliot
(2003) for simulation results and detailed discussion. The same result is
expected from the LM tests. A similar pattern of power loss is observed for
the IV tests as z(y gets bigger. This is so, since the IV tests are based on the
LM detrending method. The IV tests based on the GLS detrending will be
subject to the same result. We report results for the IV tests with 6 = 0.9
for the "drift" model, and § = 0.7 for the "trend" model. When xq = 0,
the GLS test is the most powerful in both cases. However, the power of the
GLS test drops the most rapidly and more so in the drift model where no
time trend is present. When ¢ is non-zero such that o = 20/v/1 — ¢,
the GLS test shows the least power. Miiller and Elliot (2003) note that
no clear solution to this problem is available in the literature. When the
initial value problem appears significant, one may alternatively employ the
DF type detrending method for the IV tests. A recent paper by Harvey and
Leybourne (2005) suggests using a weighted average of the DF and the GLS
test. Such a treatment would be possible in the IV framework.

4 Summary and Concluding Remarks

In this paper, we have developed new unit root tests using stationary instru-
mental variables. Our new unit root tests utilize moment conditions different
from those of existing unit root tests. The asymptotic distributions of our
IV test statistics are standard normal under the null hypothesis. As such, in
light of our new testing procedures it is possible to perform valid statistical
inference based on standard distribution theory to test for a unit root. This
result appears pretty general in the sense that the result holds regardless of
differing deterministic terms in the underlying model or detrending methods.
Also, it is encouraging to see that the normality result is obtained without
incurring any notable loss of power. Our IV tests are more powerful than
the popular DF tests, and are comparable to the LM tests of Schmidt and
Phillips (1992) or the GLS based tests suggested by Elliot, Rothenberg and
Stock (1996).
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An important feature of our IV unit root tests is that they are free of
nuisance parameters. This desirable invariance property will be useful in
other extended models, while we have examined the models with structural
changes as an immediate extension of the IV tests. The IV unit root tests
are invariant to nuisance parameters even in the models with trend shift.
This case is one important illustration of applying our IV tests to resolve
the nuisance parameter dependence problem. The same invariance result is
expected to hold in models with multiple breaks. There are other important
circumstances where the invariance property becomes useful. One example
includes the model with stationary covariates. As shown by Hansen (1995),
the use of stationary covariates can enhance the power of unit root tests.
While the distribution of the usual tests utilizing stationary covariates be-
comes dependent on the nuisance parameter, the asymptotic distribution of
our IV tests will remain as standard normal. In addition, applying our IV
tests to cointegration models appears promising. The asymptotic distribution
of the IV based cointegration test is also standard normal, thus eliminating
the dependence of the ECM based statistics on the nuisance parameters,
which has been an issue during the past decade; see Kremers, Ericsson and
Dolado (1992). This topic is being pursued in a separate work. We expect
that other important extensions are possible, such as seasonality models, dy-
namic system models, and nonlinear threshold models. Furthermore, when
applying our tests to panel unit root or cointegration models, there is an
additional advantage since we do not need the assumption that the number
of cross-section units (V) goes to co. The present paper has already shown
that asymptotic normality is obtained when N = 1. We leave these topics
to our future research.
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5 Appendix

Lemma 1. Let

> ;;11 V&g, fort =2,....,mr,
gt—l = mr . _ (25)
Yo very, fort =me +1,mr +2,..,7,

where mpy = 79, for 0 < § < 1,0 < Y, < 1, for j = 1,2,...,mp. Define
P, = mLT Z;":Tl ID? so that 0 < 1), < 1. Then, under Assumption 1

T
(i) 7—(1+5) Z & 16020,
t=2
T
T—(1+3)/2 Z £, e

t=2

T
(i) -0+ Z L1 5 hyo” + 0p(1)-
=2

(17) Var = 1Py0* + O (T_(l_‘s)) ,

Proof of Lemma 1. Let I'y be the (T'— 1) x (T"— 1) lower triangular
matrix

[
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Do,
Cr =1y, o 4 : (26)

0 Yoy =0 Yo Py

U U A R Y
AISO, we let 571 = (51,52, "'7€T71)/7 E_1 = (61,82, ...,€T_1)/, and e = (62,83, ...,ST)/.
Then, we canshow &, = T're_yand Y., , &, e, = €' Te. Since E [Zthz §t_16t} =

0, we have

Var (i §t1€t> = Var (¢".,The) = o*tr (T7I'r) (27)
=2
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S it = O, (m3) = O, (T*). The first result follows from the Cheby-

The second result follows since 7' 7™ V3 = Tmgy, = O, (T™), and

T
shev’s inequality in view of the second result and E {Z §t15t] = 0. To verity
t=2
the third result, note that
—-15-1
Zw g2 ]+22 Y Vieiigj, fort =2,3,.
f? 1= o T 11
- mr mrp j—
Zwetj—i—Zzzwwst i€t—j, fort=mp+1,mp+2,....T.
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Hence,
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t=2 j=1 t=mr+1 j=1
mp t—1 j—1 myp j—1
o ( ) DT ol ) S )
t=3 j=2 i=1 t=mpr+1 j=2 i=1

The first term is O, (1). Next, we want to show that the second term is
negligible asymptotically. In the second term, straightforward algebra shows
that

mp t—1 j—1
2 26
%@Djft—igt—j =0y (mT) =0, (T ) .
t=3 j=2 i=1
Therefore,
mT —1 j—l
8) —(1-6
U Z wiwjgt—igtfj =0p (T “ )) :
t=3 j=2 i=1
mT] 1

The expression Z > > aber—ig—; contains (T — mey)mp(mp — 1)
t= mT+1] 24=1
terms with the maximum mqs; — 1 repetitions for each of the cross product

terms ¢;e; (with different coefficients). Assumption 1 ensures that all the
cross product terms are uncorrrelated unless they are the same, and that the
variance of €;¢; is finite for all 7 and j. Then, it follows that

mp j—1

Z SN vheiE, = <T5+%<1+6)>7

t=mr+1 j=2 i=1
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and
mp j—1

—(1+96) Z Zzww& =0, (T la- 5)

t=mr+1 j=2 i=1

The proof is complete if we show
mr t—1
reo (S5 s 3 S ) 2
t=2 j=1 t=mr+1 j=1
For this, we have

(fiwem > Yu )

t=2 j=1 t=mr+1 j=1

mr T—m7p mr—1
—(1+9) (Z¢? Z e2 + Z w 2 ]>

t=1
— —(1+9) Z¢ Z€t+0 15))1)777)20_2‘

The last equality is due to the martingale laws of large numbers.

Proof of Theorem 1. Under the null hypothesis, we have
Et 1 Wi 1Ay, . ZtT=2 §i_16t

try = —
’\/ Zt:l wt—l a4/ Zt:Q §i1

. . . o0 . . .
where &,_; is defined in Lemma 1. Since {&-t_lgt } ., 18 a martingale difference
sequence, and

Var <T_(1+5)/2 23;2 €t715t> = &20_4 +o (1) )

which is consistently estimated by (T_(1+5) Z;‘LQ & fﬁl> 62 as shown in Lemma

1, the martingale CLT applies to prove that ¢, converges to a standard
normal distribution. See, for example White (1999, Corollary 5.26).

Proof of Theorem 2. The t-statistic, t;y, is invariant to the value of ~.
We assume without loss of generality v = 0. Therefore, Ay, = Axy — Azy?,,
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and 7, = O,(T ~1/2), The bias term can be ignored asymptotically since
bias = O(my) = O(T?). Let Az, = (Aza, Az, ..., Az,r)". Under the null
hypothesis

S, Wy 1 Ajy — bias ZtT,Q Wi Ay

t]V == + OP(1>
\/Zt zwt1 \/Zt 2wt1
_ (571 - FTAZ*'AY*) (e — Az.4,) +oy(1).

&\/(5_1 — FTAZ*’A}/*)/ (5_1 - PTAZ*’?*)

Dividing the both numerator and the denominator by /&’ ;£ ;, we have for
the numerator
e € TrAzd, Y AzZe fy;Az;F’TAz*’y*

V€ (€€ (€6, VE €

The first term is O,(1). Note that Az,, = (1,D;,AD;). Thus, the first
column of é'_lFTAz* takes the highest order term. Letting ¢7 be the T" x 1
vector, we have ¢ T'rip = Op(T%). Hence, &' \T'rAz.9, = Op(Tg), and
the second term is O,(7T~/2). Similarly, it is straightforward to show that
the third and fourth terms are o,(1). The terms inside of the square root of
the denominator becomes

£I_1FTAZ*'.A>/* + AZ F, FTAZ*V*

1-2
£ §.€6
o : " \PpAz.
Following similar analysis, we can have 5_1;TTZ17 = 0,(1) and Y.z, g 1£T1AZ e =

0p(1). The desired result follows in view of Theorem 1.

Bias Term in Equation (16): We let € 1 = (e1,€2,...,e7_1), and € =
(€2,€3,...,e7)"; they are defined in the proof of Lemma 1. Let & = %ZL £t
and ¢p_; be the (T'— 1) x 1 column vector of ones. We then have, under the
null hypothesis

(Zwt 1Ayt> = [(E—ELT,l),F/T (Efl_anl)]

= F |:€ FTE—I — £ (5 FTLT—1> — € (L/T71P/T€> +§2LT_1F/TLT_1i|
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Straightforward algebra provides the result in (16).

Bias Term in Equation (21): Let I'yy be the T dimensional 'y, T'op

be the 7' — Ts — 1 dimensional I'r. Let 11 = (e1,€2,...,e1,-1), €1 =
/ = _ 1 T _ /
(€9,€3,...,e1y), and & = 7o 21 € Let ga 1 = (ETpy1sETp gy - ET—1)'s

i = 1 T
€2 = (ETpy0sEThyas - €ET), and & = T > i—7y41 €t In the presence of a
structural break, we have

T
E (Z wt_lmjt)
t=2

_ £ [ (61—51LT371)/IF/17; (€1,-1—C1try—1) +
(ea—E1tr—1y-1) Uyp (€2 1—Eatr_1y-1)

Equation (21) follows in view of the result for equation (16).
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Tablel. Size and Power of |V tests
(Drift Model, d, =g,)

T f DE GLS IV-Uniform Weight IV-Bartlett Weight
d=0.7 d=0.8 d=0.9 d=0.7 d=0.8 d=0.9
1 0.057 0.110 0.078 0.082 0.085 0.081 0.085 0.087
0.9 0.147 0.383 0.245 0.257 0.268 0.274 0.300 0.317
50 (0.133) | (0.197) | (0.164) | (0.171) | (0.272) | (0.184) | (0.195) | (0.195)
0.95 0.089 0.216 0.143 0.151 0.162 0.152 0.163 0.173
(0.080) | (0.099) | (0.093) | (0.096) | (0.096) | (0.094) | (0.097) | (0.101)
1 0.054 0.077 0.075 0.080 0.086 0.076 0.082 0.086
0.9 0.359 0.622 0.468 0.479 0.498 0.548 0.623 0.665
100 (0.341) | (0.495) | (0.362) | (0.361) | (0.362) | (0.438) | (0.486) | (0.512)
0.95 0.145 0.284 0.234 0.253 0.269 0.250 0.284 0.313
(0.135) | (0.198) | (0.166) | (0.171) | (0.168) | (0.177) | (0.192) | (0.198)
1 0.051 0.064 0.073 0.080 0.086 0.074 0.080 0.085
0.9 0.879 0.871 0.803 0.794 0.777 0.929 0.966 0.973
(0.877) | (0.840) | (0.728) | (0.698) | (0.665) | (0.881) | (0.930) | (0.936)
200 0.95 0.339 0.532 0.448 0.480 0.489 0.499 0.599 0.661
(0.336) | (0.467) | (0.357) | (0.360) | (0.347) | (0.405) | (0.471) | (0.507)
0.99 0.071 0.112 0.116 0.130 0.142 0.117 0.130 0.142
(0.069) | (0.087) | (0.081) | (0.083) | (0.084) | (0.081) | (0.085) | (0.089)
1 0.051 0.058 0.070 0.080 0.086 0.071 0.078 0.085
0.9 0.996 0.940 0.943 0.913 0.883 0.996 0.999 0.998
(0.996) | (0.930) | (0.909) | (0.862) | (0.820) | (0.992) | (0.996) | (0.995)
300 0.95 0.637 0.722 0.633 0.661 0.653 0.729 0.840 0.891
(0.633) | (0.687) | (0.541) | (0.542) | (0.527) | (0.649) | (0.744) | (0.786)
0.99 | 0.082 0.135 0.143 0.164 0.182 0.141 0.168 0.184
(0.081) | (0.118) | (0.103) | (0.107) | (0.110) | (0.099) | (0.113) | (0.113)
1 0.050 0.055 0.070 0.075 0.084 0.071 0.076 0.083
0.9 1.000 0.985 0.994 0.982 0.963 1.000 1.000 1.000
(1.000) | (0.983) | (0.989) | (0.967) | (0.934) | (1.000) | (1.000) | (1.000)
500 0.95 0.970 0.875 0.885 0.866 0.833 0.968 0.992 0.994
(0.969) | (0.864) | (0.837) | (0.804) | (0.746) | (0.947) | (0.981) | (0.982)
0.99 | 0.127 0.201 0.197 0.227 0.255 0.194 0.250 0.290
(0.126) | (0.186) | (0.146) | (0.156) | (0.165) | (0.147) | (0.174) | (0.185)
1 0.050 0.055 0.068 0.076 0.085 0.069 0.075 0.084
0.9 1.000 0.999 1.000 0.999 0.995 1.000 1.000 1.000
(1.000) | (0.999) | (1.000) | (0.998) | (0.991) | (1.000) | (1.000) | (1.000)
1000 0.95 1.000 0.982 0.994 0.983 0.962 1.000 1.000 1.000
(1.000) | (0.979) | (0.990) | (0.969) | (0.931) | (1.000) | (1.000) | (1.000)
0.99 0.333 0.451 0.380 0.447 0.476 0.390 0.527 0.632
(0.332) | (0.431) | (0.311) | (0.345) | (0.337) | (0.315) | (0.418) | (0.483)

Note: All of the tests are conducted at the 5% level. The figures in parentheses are size-adjusted
power. ForthelV tests, the asymptotic one-tailed critical value (-1.645) of the standard normal
distribution was used in all cases.
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Table2. Size and Power of 1V tests

(Linear Trend Model, d, =g, +g,t)

T f DE LM GLS IV-Uniform Weight IV-Bartlett Weight
d=0.6 | d=0.7 | d=0.8 | d=0.6 | d=0.7 | d=0.8
1 0.061 | 0.057 | 0.054 | 0.057 | 0.036 | 0.012 | 0.068 | 0.057 | 0.038
0.9 0.106 | 0.125 | 0.111 | 0.102 | 0.060 | 0.022 | 0.136 | 0.115 | 0.078
(0.087) | (0.102) | (0.103) | (0.093) | (0.083) | (0.085) | (0.101) | (0.104) | (0.104)
50 0.95 0.076 | 0.073 | 0.071 | 0.071 | 0.044 | 0.016 | 0.086 | 0.073 | 0.049
(0.065) | (0.065) | (0.065) | (0.063) | (0.061) | (0.059) | (0.064) | (0.064) | (0.066)
0.99 0.059 | 0.056 | 0.056 | 0.057 | 0.036 | 0.013 | 0.071 | 0.057 | 0.038
(0.048) | (0.050) | (0.052) | (0.049) | (0.049) | (0.054) | (0.050) | (0.050) | (0.050)
1 0.056 | 0.054 | 0.052 | 0.055 | 0.036 | 0.013 | 0.062 | 0.053 | 0.033
0.9 0.223 | 0.253 | 0.269 | 0.209 | 0.137 | 0.046 | 0.277 | 0.264 | 0.190
(0.204) | (0.241) | (0.260) | (0.197) | (0.176) | (0.138) | (0.237) | (0.253) | (0.255)
100 0.95 0.095 | 0.102 | 0.105 | 0.099 | 0.068 | 0.022 | 0.117 | 0.108 | 0.071
(0.086) | (0.097) | (0.102) | (0.094) | (0.090) | (0.078) | (0.096) | (0.102) | (0.101)
0.99 0.059 | 0.058 | 0.056 | 0.061 | 0.039 | 0.013 | 0.066 | 0.057 | 0.037
(0.053) | (0.055) | (0.055) | (0.056) | (0.052) | (0.051) | (0.054) | (0.055) | (0.054)
1 0.054 | 0.050 | 0.052 | 0.054 | 0.043 | 0.017 | 0.060 | 0.053 | 0.034
0.9 0.656 | 0.715 | 0.746 | 0.543 | 0.409 | 0.142 | 0.689 | 0.733 | 0.650
(0.637) | (0.716) | (0.734) | (0.527) | (0.448) | (0.304) | (0.649) | (0.721) | (0.742)
200 0.95 0.206 | 0.242 | 0.265 | 0.211 | 0.164 | 0.052 | 0.251 | 0.259 | 0.190
(0.192) | (0.243) | (0.255) | (0.199) | (0.186) | (0.134) | (0.218) | (0.248) | (0.257)
0.99 0.061 | 0.058 | 0.061 | 0.064 | 0.052 | 0.020 | 0.070 | 0.065 | 0.041
(0.057) | (0.059) | (0.057) | (0.059) | (0.059) | (0.059) | (0.059) | (0.061) | (0.061)
1 0.053 | 0.051 | 0.054 | 0.053 | 0.044 | 0.021 | 0.059 | 0.054 | 0.038
0.9 0.956 | 0.946 | 0.952 | 0.821 | 0.685 | 0.310 | 0.929 | 0.966 | 0.951
(0.951) | (0.945) | (0.948) | (0.809) | (0.718) | (0.506) | (0.913) | (0.959) | (0.972)
300 0.95 0.398 | 0472 | 0502 | 0.361 | 0.277 | 0.103 | 0.424 | 0.480 | 0.411
(0.382) | (0.469) | (0.479) | (0.345) | (0.304) | (0.211) | (0.388) | (0.454) | (0.486)
0.99 0.069 | 0.069 | 0.077 | 0.070 | 0.056 | 0.029 | 0.078 | 0.075 | 0.052
(0.065) | (0.068) | (0.070) | (0.065) | (0.064) | (0.066) | (0.067) | (0.068) | (0.070)
1 0.053 | 0.049 | 0.050 | 0.056 | 0.047 | 0.025 | 0.058 | 0.055 | 0.038
0.9 1.000 | 0.999 | 0997 | 0.988 | 0.958 | 0.694 | 0.999 | 1.000 | 1.000
(1.000) | (0.999) | (0.997) | (0.985) | (0.963) | (0.821) | (0.999) | (1.000) | (1.000)
500 0.95 0.848 | 0.865 | 0.865 | 0.695 | 0.620 | 0.277 | 0.773 | 0.875 | 0.857
(0.836) | (0.868) | (0.866) | (0.667) | (0.638) | (0.426) | (0.742) | (0.863) | (0.896)
0.99 0.083 | 0.089 | 0.096 | 0.100 | 0.083 | 0.041 | 0.101 | 0.103 | 0.076
(0.078) | (0.091) | (0.096) | (0.090) | (0.089) | (0.080) | (0.087) | (0.097) | (0.098)
1 0.051 | 0.049 | 0.046 | 0.056 | 0.051 | 0.031 | 0.060 | 0.057 | 0.043
0.9 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 0.992 | 1.000 | 1.000 | 1.000
(1.000) | (1.000) | (1.000) | (1.000) | (1.000) | (0.998) | (1.000) | (1.000) | (1.000)
1000 0.95 1.000 | 0.999 | 0995 | 0.988 | 0971 | 0.767 | 0.998 | 1.000 | 1.000
(1.000) | (0.999) | (0.995) | (0.986) | (0.970) | (0.854) | (0.996) | (1.000) | (1.000)
0.99 0.190 | 0.232 | 0.238 | 0.201 | 0.189 | 0.103 | 0.193 | 0.233 | 0.217
(0.187) | (0.237) | (0.254) | (0.185) | (0.187) | (0.156) | (0.167) | (0.210) | (0.242)

See the Table 1 footnotes.
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Table3-1. Size and Power of |V tests
(Level and Trend Shift with Tg = 0.5T)

(d, =g, +gt+9,D, +93(Dt ’ t))

T ¢ DF LM GLS IV-Uniform Weighting IV-Bartlett Weighting
d=0.6 | d=0.7 | d=0.8 | d=0.6 | d=0.7 | d=0.8
1 - - - 0.054 | 0.037 | 0.016 0.064 | 0.055 | 0.038
09 - - - 0.145 | 0.091 | 0.035 0.187 0.173 | 0.123

(0.116) | (0.153) | (0.160) | (0.136) | (0.117) | (0.103) | (0.151) | (0.159) | (0.159)

100 1 5 95 - - - 0.077 | 0.053 | 0.022 | 0094 | 0.083 | 0.058
7 | (0.072) | (0.075) | (0.077) | (0.072) | (0.069) | (0.067) | (0.074) | (0.074) | (0.077)

- - - 0.056 | 0.041 | 0.017 | 0.069 | 0.061 | 0.042
(0.055) | (0.054) | (0.053) | (0.052) | (0.053) | (0.052) | (0.054) | (0.054) | (0.054)

0.99

1 - - - 0.051 | 0.037 | 0.017 | 0.059 | 0.051 | 0.033

0.9 - - - 0.384 | 0269 | 0.097 | 0.471 | 0.493 | 0.430
~ | (0.371) | (0.491) | (0.537) | (0.379) | (0.335) | (0.232) | (0.430) | (0.489) | (0.526)

200 [ hos | - - - 0.141 | 0.099 | 0.041 | 0159 | 0.159 | 0.114
7 1 (0.114) | (0.155) | (0.167) | (0.138) | (0.132) | (0.112) | (0.136) | (0.156) | (0.162)

- - - 0.056 | 0.040 | 0.020 | 0.066 | 0.055 | 0.038
(0.052) | (0.055) | (0.059) | (0.054) | (0.054) | (0.055) | (0.055) | (0.054) | (0.057)

0.99

1 - = = 0.052 | 0.039 | 0.019 0.056 0.050 | 0.033

0.9 - - - 0.667 | 0533 | 0.193 | 0.783 | 0.841 | 0.802
"~ | (0.741) | (0.811) | (0.875) | (0.658) | (0.597) | (0.378) | (0.759) | (0.841) | (0.874)

300 [ ggs| - - - 0.235 | 0.191 | 0.065 | 0.271 | 0.286 | 0.230
7| (0.212) | (0.297) | (0.316) | (0.229) | (0.229) | (0.163) | (0.249) | (0.286) | (0.307)

- - - 0.059 | 0.045 | 0.022 | 0.068 | 0.058 | 0.040
(0.057) | (0.063) | (0.064) | (0.057) | (0.058) | (0.060) | (0.059) | (0.058) | (0.062)

0.99

1 - = = 0.051 | 0.043 | 0.022 0.056 0.050 | 0.035

0.9 - - - 0.961 | 0.899 | 0521 | 0.990 | 0.998 | 0.998
| (0.996) | (0.989) | (0.997) | (0.960) | (0.918) | (0.712) | (0.988) | (0.998) | (0.999)

500 | gos | - - - 0.506 | 0.453 | 0.186 | 0.562 | 0.655 | 0.641
"7 ] (0.534) | (0.678) | (0.729) | (0.502) | (0.492) | (0.338) | (0.535) | (0.653) | (0.721)

- - - 0.070 | 0.064 | 0.027 | 0.073 | 0.071 | 0.052
(0.065) | (0.072) | (0.073) | (0.069) | (0.074) | (0.066) | (0.066) | (0.071) | (0.073)

0.99

1 - - - 0.054 | 0.045 | 0.027 | 0.056 | 0.053 | 0.039

0.9 - - - 1.000 | 1.000 | 0.969 | 1.000 | 1.000 | 1.000
~ | (1.000) | (1.000) | (1.000) | (1.000) | (1.000) | (0.989) | (1.000) | (1.000) | (1.000)

1000 0.951 | 0.931 | 0.618 0.970 0.996 | 0.999

0-95 (0.2;96) (O.£;86) (0.595) (0.946) | (0.940) | (0.759) | (0.964) | (0.995) | (0.999)

- - - 0.128 | 0.121 | 0.065 | 0.132 | 0.147 | 0.127
(0.115) | (0.156) | (0.162) | (0.120) | (0.132) | (0.117) | (0.121) | (0.142) | (0.153)

0.99

See Table 1 footnotes.
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Table 3-2. Size and Power of |V tests
(Level and Trend Shift with Tg = 0.2T)

(d, =g, +ot+9,D, +g,(D, " t))

IV-Uniform Weighting

IV-Bartlett Weighting

T f DF LM GLS
d=0.6 | d=0.7 | d=0.8 | d=0.6 | d=0.7 | d=0.8
1 - - - 0.049 | 0.033 | 0.025 | 0.057 | 0.047 | 0.030
0.9 - - - 0.148 | 0.086 | 0.064 | 0.208 | 0.179 | 0.127
(0.154) | (0.189) | (0.192) | (0.151) | (0.130) | (0.112) | (0.188) | (0.190) | (0.191)
100 0.95 - - - 0.075 | 0.053 | 0.039 | 0.093 | 0.079 | 0.052
(0.077) | (0.083) | (0.086) | (0.076) | (0.079) | (0.070) | (0.082) | (0.085) | (0.085)
0.99 - - - 0.049 | 0.032 | 0.025 | 0.061 | 0.050 | 0.033
(0.054) | (0.050) | (0.052) | (0.050) | (0.050) | (0.051) | (0.054) | (0.054) | (0.054)
1 - - - 0.046 0.033 0.020 0.054 0.043 0.026
0.9 - - - 0.372 | 0.242 | 0.114 | 0535 | 0.542 | 0.438
(0.472) | (0.570) | (0.611) | (0.391) | (0.321) | (0.235) | (0.518) | (0.575) | (0.594)
200 | g5 - - - 0.142 | 0.100 | 0.049 | 0.178 | 0.165 | 0.108
(0.142) | (0.184) | (0.192) | (0.150) | (0.141) | (0.110) | (0.166) | (0.184) | (0.188)
0.99 - - - 0.052 | 0.038 | 0.021 | 0.059 | 0.049 | 0.030
(0.056) | (0.054) | (0.055) | (0.055) | (0.058) | (0.052) | (0.055) | (0.055) | (0.056)
1 - - - 0.046 | 0.035 | 0.019 | 0.051 | 0.043 | 0.025
09 - - - 0.672 | 0.447 | 0.182 | 0.840 | 0.880 | 0.814
(0.838) | (0.883) | (0.933) | (0.688) | (0.540) | (0.347) | (0.836) | (0.899) | (0.913)
300 | g5 - - - 0.249 | 0.167 | 0.070 | 0.311 | 0.317 | 0.226
(0.277) | (0.361) | (0.373) | (0.266) | (0.227) | (0.161) | (0.305) | (0.350) | (0.363)
0.99 - - - 0.055 | 0.041 | 0.025 | 0.064 | 0.052 | 0.033
(0.060) | (0.061) | (0.062) | (0.059) | (0.061) | (0.060) | (0.061) | (0.061) | (0.064)
1 - - - 0.049 | 0.037 | 0.020 | 0.053 | 0.046 | 0.026
09 - - - 0.953 | 0.823 | 0.420 | 0.996 | 0.999 | 0.998
(0.999) | (0.994) | (1.000) | (0.955) | (0.870) | (0.634) | (0.995) | (0.999) | (1.000)
500 | g5 - - - 0.541 | 0401 | 0.144 | 0.638 | 0.712 | 0.643
(0.668) | (0.758) | (0.809) | (0.548) | (0.474) | (0.286) | (0.620) | (0.730) | (0.790)
0.99 - - - 0.070 | 0.053 | 0.028 | 0.081 | 0.071 | 0.041
(0.069) | (0.081) | (0.078) | (0.072) | (0.071) | (0.072) | (0.075) | (0.078) | (0.082)
1 - - - 0.049 0.039 0.022 0.056 0.049 0.030
0.9 - - - 1.000 | 0.999 | 0.904 | 1.000 | 1.000 | 1.000
(1.000) | (1.000) | (1.000) | (1.000) | (0.999) | (0.967) | (1.000) | (1.000) | (1.000)
1000 | o5 - - - 0.960 | 0.878 | 0.452 | 0.989 | 0.998 | 0.999
(0.999) | (0.995) | (1.000) | (0.961) | (0.909) | (0.650) | (0.986) | (0.999) | (1.000)
0.99 - - - 0.145 | 0.116 | 0.055 | 0.149 | 0.160 | 0.118
(0.143) | (0.181) | (0.185) | (0.145) | (0.144) | (0.121) | (0.138) | (0.164) | (0.176)

See Table 1 footnotes.
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Table4. Sizeand Power of 1V tests
(Serially Correlated Errors, Linear Trend M odel)

DGP T=100 T =200 T =500

AR coeff # of lags used # of lags used # of lags used

a | a f [ p=1]p=2|p=3][p=1]p=2]p=3|p=1][p=2]p=3

AR(2) Error

0.8 1.0 0.036 | 0.030 | 0.031 | 0.045 | 0.038 | 0.036 | 0.049 | 0.047 | 0.046

0.95 | 0.068 | 0.058 | 0.047 | 0.178 | 0.159 | 0.139 | 0.704 | 0.681 | 0.647

0.90 | 0.124 | 0.094 | 0.081 | 0.406 | 0.360 | 0.320 | 0.985 | 0.975 | 0.961

0.5 1.0 0.037 | 0.033 | 0.033 | 0.046 | 0.045 | 0.045 | 0.048 | 0.045 | 0.045

0.95 | 0.077 | 0.060 | 0.057 | 0.217 | 0.193 | 0.176 | 0.817 | 0.782 | 0.759

0.90 | 0271 | 0131 | 0.110 | 0.589 | 0.526 | 0.463 | 0.999 | 0.999 | 0.997

0.0 1.0 0.038 | 0.031 | 0.029 | 0.045 | 0.044 | 0.044 | 0.048 | 0.046 | 0.046

0.95 | 0.077 | 0.053 | 0.053 | 0.210 | 0.189 | 0.183 | 0.838 | 0.806 | 0.777

0.90 | 0186 | 0.137 | 0.117 | 0.640 | 0.571 | 0514 | 0.999 | 0.999 | 0.999

-0.5 1.0 0.038 | 0.027 | 0.027 | 0.049 | 0.044 | 0.043 | 0.049 | 0.049 | 0.045

0.95 | 0.066 | 0.052 | 0.044 | 0.180 | 0.169 | 0.157 | 0.775 | 0.773 | 0.733

0.90 | 0.152 | 0.128 | 0.099 | 0.569 | 0.549 | 0.479 | 0.995 | 0.998 | 0.995

-0.8 1.0 0.035 | 0.025 | 0.026 | 0.047 | 0.040 | 0.042 | 0.050 | 0.048 | 0.047

0.95 | 0.046 | 0.041 | 0.030 | 0.125 | 0.134 | 0.114 | 0.607 | 0.680 | 0.586

0.90 | 0203 | 0.102 | 0.069 | 0.425 | 0.470 | 0.363 | 0.929 | 0.988 | 0.938

AR(2) Error

-0.3 0.4 1.0 0.000 | 0.032 | 0.029 | 0.000 | 0.044 | 0.044 | 0.000 | 0.049 | 0.046

0.95 | 0.001 | 0.063 | 0.055 | 0.002 | 0.185 | 0.171 | 0.035 | 0.784 | 0.747

0.90 | 0.003 | 0.140 | 0.109 | 0.022 | 0.537 | 0.473 | 0.614 | 0.999 | 0.997

0.3 0.4 1.0 0.001 | 0.032 | 0.030 | 0.000 | 0.042 | 0.037 | 0.000 | 0.047 | 0.048

0.95 | 0.001 | 0.058 | 0.051 | 0.003 | 0.168 | 0.150 | 0.027 | 0.692 | 0.671

0.90 | 0.003 | 0.103 | 0.092 | 0.015 | 0.378 | 0.345 | 0.337 | 0.981 | 0.971

0.8 -0.15 1.0 0.100 | 0.033 | 0.035 | 0.139 | 0.046 | 0.043 | 0.169 | 0.047 | 0.047

0.95 | 0183 | 0.061 | 0.058 | 0.442 | 0.188 | 0.177 | 0.961 | 0.769 | 0.754

0.90 | 0.337 | 0129 | 0.114 | 0.804 | 0.500 | 0.453 | 1.000 | 0.998 | 0.996

-0.8 0.15 1.0 0.006 | 0.026 | 0.024 | 0.009 | 0.040 | 0.040 | 0.010 | 0.048 | 0.046

0.95 | 0.010 | 0.038 | 0.030 | 0.036 | 0.119 | 0.111 | 0.334 | 0.615 | 0.577

0.90 | 0.029 | 0.085 | 0.064 | 0.190 | 0.390 | 0.342 | 0.853 | 0.950 | 0.930

Note: For the DGP with AR(2) errors, the coefficients are given from a; = ¢;+¢,, a, = -C1C,, Where
c; and c; are theroots of (I -¢;)( | -¢)=0. We use the values of (cy, ¢,) = (-0.5, -0.8), (-0.5, 0.8),
(0.5, 0.3) and (-0.5,-0.3), respectively. For all cases, the IV tests with the Bartlett windows and
d=0.7 are used. The asymptotic one-tailed critical value (-1.645) of the standard normal
distribution was used in all cases.
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Table5. Power Dependenceon x,, thelnitial Valuesof the Stochastic Process

Drift Linear Trend
T | f géf\’/- X V- V-
' DF GLS Bartlett DF LM GLS Bartlett
d=0.9 d=0.7
0 0 0.319 0.736 0.659 0.196 0.274 0.315 0.294
0.9 1 2.23 0.339 0.398 0.479 0.199 0.238 0.244 0.246
2 4.59 0.412 0.025 0.102 0.223 0.154 0.118 0.136
0 0 0.121 0.315 0.287 0.083 0.107 0.113 0.110
100 | 0.95 1 3.20 0.127 0.140 0.162 0.082 0.092 0.098 0.099
2 6.41 0.156 0.010 0.022 0.082 0.072 0.063 0.067
0 0 0.057 0.078 0.075 0.054 0.055 0.054 0.055
0.99 1 7.09 0.056 0.062 0.062 0.053 0.056 0.055 0.056
2 14.18 | 0.058 0.032 0.033 0.052 0.055 0.054 0.054
0 0 0.862 0.997 0.987 0.619 0.774 0.861 0.775
0.9 1 2.23 0.877 0.904 0.962 0.640 0.712 0.728 0.724
2 4.59 0.917 0.082 0.705 0.685 0.533 0.340 0.549
0 0 0.315 0.757 0.651 0.186 0.270 0.314 0.283
200 | 0.95 1 3.20 0.335 0.329 0.473 0.195 0.237 0.234 0.241
2 6.41 0.410 0.009 0.103 0.216 0.151 0.099 0.141
0 0 0.066 0.119 0.114 0.056 0.061 0.060 0.063
0.99 1 7.09 0.069 0.079 0.080 0.057 0.060 0.059 0.061
2 14.18 | 0.075 0.020 0.026 0.055 0.053 0.055 0.055
0 0 0.995 1.000 1.000 0.947 0.977 0.996 0.975
0.9 1 2.23 0.996 0.998 1.000 0.952 0.950 0.975 0.964
2 4.59 0.998 0.358 0.989 0.964 0.845 0.706 0.909
0 0 0.604 0.966 0.902 0.371 0.513 0.601 0.504
300 | 0.95 1 3.20 0.629 0.611 0.800 0.384 0.457 0.450 0.451
2 6.41 0.707 0.015 0.362 0.425 0.306 0.165 0.299
0 0 0.080 0.171 0.155 0.065 0.070 0.073 0.070
0.99 1 7.09 0.085 0.088 0.100 0.063 0.068 0.070 0.067
2 14.18 | 0.093 0.012 0.024 0.061 0.055 0.053 0.056
0 0 0.965 1.000 0.999 0.824 0.915 0.970 0.895
0.95 1 3.20 0.970 0.965 0.995 0.839 0.874 0.878 0.869
500 2 6.41 0.982 0.094 0.921 0.868 0.729 0.452 0.752
0 0 0.117 0.314 0.266 0.077 0.101 0.113 0.104
0.99 1 7.09 0.127 0.128 0.160 0.078 0.095 0.096 0.095
2 14.18 | 0.153 0.007 0.027 0.080 0.071 0.062 0.071
0 0 0.314 0.744 0.609 0.184 0.275 0.320 0.236
1000 | 0.99 1 7.09 0.333 0.263 0.469 0.187 0.235 0.234 0.208
2 14.18 | 0.399 0.004 0.121 0.207 0.148 0.089 0.144

Note: All the figures are size-adjusted power at the 5% significance level. Initia values of
the stochastic process are 0, 1, and 2 standard deviations. For example, when f = 0.99, X, at

the two standard deviationsis x, = 2s /4/1- f > =14.18.
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Figure 1. Estimated pdf (T = 100)

33




kernel estimation of pdf

kernel estimation of pdf

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

0.7

0.6

0.5

0.4

D.3

0.2

D.1

0.0

1. /‘\ S LM
/oy — — GLS

.l —— Normal

IV (A\=0.5)
IV (A\=0.2)
IV (A=0.8)
LM

GLS
Normal

trend shift

Figure 2. Estimated pdf (T = 500)

34




